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PREFACE. 


THE secret of success in teaching is to secure individual 
eifort on the part of the pupil; and in no branch of 
Education does this require to be emphasised so much 
as in Mathematics. When a teacher prescribes one 
and the same example to a large class, it is simply 
impossible for him to insure independent work, and 
the result is ruin to the pupil’s progress. Setting the 
pupils of a class to stand “face to face and back to 
back” was the usual device of the School Inspector of 
former years; but this has been entirely replaced by 
the use of sets of different examination cards, which 
effectually prevent collusion. What such cards are to 
the Inspector, the ABC system of this text-book is to 
the teacher. Each exercise is divided into three sets 
A, B, C of equal difficulty, which contiguous pupils 
are made to work out at the same time; and each set 
contains only as many examples as can be done and 
checked by the teacher in a lesson of about 40 minutes: 
with two such lessons per week the whole of the book 


may be easily astatod pire yor, #8 i 
o-— ‘4 


Particular attentiorf indycted to walikisation, to 
Multiplication and Diistoh at sig [yin d Eo} inding the 
G.C.M. and L.C.M. ofempressions by i sBe ton. It is 
the want of facility ‘qwRidch simple, opergtions that 
makes the pupil so freqnentlycomplai® of no time” 
to finish an examination*pimper. K 
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GENERAL RULES FOR THE STUDENT OF ALGEBRA. 


i. The working of an example should always show clearly 
how each step follows from the preceding one ; and 
for this the correct use of short explanatory words. 


or symbols is of much importance. 


ii, Neatness of arrangement in Algebra is of the great- 


est value, and in itself goes far to insure accuracy. 


iii. The sign = (equal) should only be used in its correct 
sense, to connect quantities or expressions which are 
equal ; and the several steps of a solution should be 


arranged so that the signs of equality are placed one 
under the other. 


iv- It is better not to cancel in Algebra by drawing lines as 
is done in Arithmetic; if the steps of the solution 
are clear, the elimination of a factor, term, &c., will 
be obvious without this. 


INTRODUCTORY 
ALGEBRA. 


Chap. I.-ALGEBRAIC SIGNS AND 
THEIR USE. 


gl. A Quantity is a measure of any kind. In Arith- 
metic all quantities are special or particular, that is, have 
definite numerical values: as 3 pounds, 4 yards, &c., which 
are concrete arithmetical quantities, 7e¢., definite mea- 
sures of definite things; or 3, 4, &c., which are said to be | 
abstract arithmetical quantities, which only tell the 
number of times the unit—whatever it may be—is repeat- 
ed, but tells nothing of the nature of the unit referred to. 


§ 2. In algebraic quantities no particular numerical 
values belong to the symbols used ; they are general 
quantities and may have one value in one question and 
another value in another. They are usually denoted by 
the letters of the alphabet a, 7, c, &c., Or a, Y, 2. They 
might however be denoted by the colours of the rainbow, 
or by any other convenient symbols: thus the fourth pro- 
position of Euclid, Book II, might be symbolically ren- 
dered as follows: Let a line be divided into two parts, 
one called red, and the other blue; then square of the 
whole line (red + blue) = square of the red + square of 
the blue + twice the product of red into blue ; or briefly 
(7 + b)* =r* + b* + Wb. This shows the advantage of 
algebraic brevity by the use of symbols. The eye and the 
mind can take in at a glance a statement which may be 
obscured by the many words that are otherwise needed to 
express it. 
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§ 3. The algebraic signs most. comracrt s used arethe © 
following :— ——. 
+ , which is read plus (Lat. = more), isthe sign of 
addition ; 3 + 4, or 3 plus 4, means 3 more than 
4, 4.e., 7. 


—, which is read minus (Lat. = less), is the sign of 
subtraction ; 4 — 2, or 4 minus 2, means 4 less 
2,426.02! 


“+t , which is read plus or minus, means the sum or 
“ difference of; 5 + 3, or 5 plus or minus 2, is 8 
or 2, 


KE Or yt which is rail into, or multiplied by, is the 
. sion of multiplication . 3 xX 4, or 3.4, is read 3 
» into 4, or 3 multiplied hy 4, t.e.,12. This multi- 
“plication dot is written on the ae LG decimal 

| dot a! ove the line. 


+, ve which is read divided by, is the sign of divi- 
sion; 8 + 2, or 8/2, means 8 divided by 2, 7.e., 4. 

O, €44[]. are called brackets [diminutive of brace, 

ae from Lat. /rachium = an arm| and are small 

- “signs to hold’all enclosed within them together 

as a single number or quantity. 
if ( ae are called Common brackets becanse most fre- 
| “quently used, 


ij sas } are called face brackets, from their appearance. 
oe | are called square brackets, and are generally used 
te ‘to include a large number of separate quantities. 


_ +++, drawn over two or more letters or numbers, is 
- ealled a Vineulum [ Lat. = a chain or bond}, and 
has the same force as a pair of common brackets. 
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vis called the radical or root sign, and js merely a 
large form of the letter r. 


/16 denotes the Square root of 16, 7.e., 4; #27 denotes. 
the third root, or cube root as it is called, of 27, 
2.e, 3; 24/81 denotes the fourth root ie col OR Ne 
that number which multiplied by itself 4 times. 
gives 8], 7.e. 3. 

=, which is read is equal to, deuotes that the two num- 
bers or quantities between which it is placed, are 
of equal value, e.g.,4 + 3—=—1 +4 6. 

is used as a short-hand symbol for therefore, and is 
used at the beginning of a new step in reasoning,. 
and generally at the beginning of a line. 
is used in the same way as short-hand for because, 

and is used only at the beginning of a line in a 
train of reasoning. 

> 1s used to mean is greater than: and < to mean 
is less than; e.9.5 4 > 3, and 3 < 4; in each 
case the opening is towards the greater number. 

[N.6.—1t is an error to use the signs =,>, <, for the 
adjectives equal, greater, less ; they have a predi- 
cative force. ] 

§4. Elementary Definitions. 

An algebraic expression is the symbol or collection 

of symbols used to denote any quantity or quantities, 


The Terms are the parts of an expression separated by 
the signs + or —. 


An expression ig called monomial if it has only one 
term ; binomial if it has only two terms ; trinomial if it 
has only three terms ; and polynomial op multinomial jf 
it has more than three terms. 
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A simple expression has only one term; a compound 
or complex expression has several terms. ~~ 


The Product is the result of multiplying two or more 
quantities together and is denoted in Algebra thus :-— 
a x b, or a. b, or simply ab. 

A Factor is one of the quantities which go to make up 
a product; thus a and bjare the two factors of the pro- 
duct ab. 

The Quotient is the result of dividing one quantity by 


another, and is denoted thus :—a + b, or 7 or a/b. 


The Co-efficient is a factor of a quantity ; e.g., in 2z, 2 is 
the co-efficient. Sometimes a letter may be taken as a co- 
efficient, e.g., az; in this case a is called a literal co-effi- 
cient [ Lat. litera =a letter]; while 2, in the former case, 
is, by way of distinction, called a numerical co-effi- 
cient. Most frequently the co-efficient is partly numerical 
and partly literal, e.g., 3aa; here the co-efficient is 3a. 


A Power of a quantity is the number of times that any 
quantity is multiplied by itself to form a product; e.9., 
y x ris called the second power or square of 7; sor xX ¥ 
x ris the cube or third power of r; and the first great 
step in Algebra was made when in 1637 Descartes denoted 
the product of r x * x r by 73; the small figure is called 
the index or exponent of 7, and denotes the number of 
times that r enters as a factor into the given quantity. 

N.B.— When the co-efficient or the index of any quantity 

is unity, it is not written: e.g.,a, means 1 xal. 

The Dimensions or Degree of an algebraic term | 
means the number of separate letters contained in the 
term, if they were all written out in full, thus :— 

a*b?c [aaaabbc] is of 7 dimensions or of the 7th degree. 
So 6a2bc is of 4 dimensions or of the 4th degree, the 
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numerical co-efficient 6 not being counted in speaking of 
dimensions or degree. | 

The Dimensions or Degree of a term is the sum of 
the indices of the severai factors of the term. 

The Dimensions or Degree of an Expression. 
means the dimensions of the term of highest degree in 
that expression, e.g., 33 + 4a? + 7a + 6 is an expression 
of three dimensions or of the 3rd degree, because 323, its 
term of highest degree, has 3 dimensions. 

A Homogeneous expression 7s one where each term 
has the same dimensions. (Homogeneous from Gr. homos= 
the same, and genos = kind], e.g., 3a3 + 4a*ty + 2ay? + 743 
is a homogeneous eapression of three dimensions. 

A positive term or quantity is one with a + sign 
before it. 

A negative term or quantity is one with a— sign 
before it. 

Like terms are such as have their Mteral or letter part 
exactly the same, e.g., 6a, 12a, 24a are like terms ; 7a3, 
9a°, 120° are like terms; and 9a*b, 1la*b, 2a7b are like 
terms: but, if the letter part differ at all, the terms are 
unlike ; e.g., 6a*b and 6ab? are unlike: 7a? and 7a3 are 
unlike. 

The arrangement of an algebraic expression should 
always be according to ascending or descending powers. 
of some leading letter, or letter that occurs most frequent - 
ly in the expression: e.g., 9a4— 7a3 + 6a? —5q + 3 is. 
according to descending powers of a; while 1 + 32 + 622 
+ 84° is according to ascending powers of 2. 

N.B.—The terms of an expression may be arranged in 

any order, provided they carry their signs. 
along with them; thus, 5a4— 7x — 8x2 + 9 
may be written 9 — 77 — 8a? + 5q4. 
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EXERCISES ON CHAPTER. 


The Use of Algebraic Signs. 


€xercise I. 
Find the Arithmetical value of the following :— 
A. 1. (8+9—2) x (6—3). 
2. 6 x (B32 + 48) x (5? —3?), 
3. 5x Y8X V3* +42? — yl2l. 
4. (13? —5? + <9? — 17)?. 


1) (82.46) x7 =n), 

2 8 x (4+ 6?) x (48 -— 5%), 

3. (8? — ¥8) (27 + 25). 

4 Ay4t+ V4x 4+ 99 — v9 x 9. 


Q 1. 9x y49 x 3/72? —22— (6 + 33) x y4. 
2 £(34+4+9) x #3 + 92—20}*. 
3. (196 — W216) (4? + 169). 
4, 9/9— 9x9 X 25 25 — 25 x 25. 


Model Solution. 
Find the Aritkmetical value of 
§ ¥ig? + 53 + 52 — 8 X 6(3% — 42? — 5) } *. 
Given Expn. = { ¥196+ 125+ 25 -—8X v6(27 — 16 —5) ¢ ”. 
—={ $343 X y36 } 2=(7 x 6)?= 42? = 1764. Ans. 


f&xercise 2. 
*Ifa=1b=2,c=—4,d=6,f =O, find the numerical 
value of the following :— | 
A. l. 62+ 38b—2c + a— 4f. . 
2. Tab + 2bc — 4ad + bd. 
3. c(at+9)+d(b+ 4)—a(f +6). 
4. 3(ad—ac) + 6 (bd —af). 


* 
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B.1. 46+ 6¢—5d + 3f—a. 
2. Yac — 4bd + 5ad — Bay. 
3. 2abe + d5bed + 3acd — Qhdf. 
4. bc (a + b) + cd (b+ f) + ac(b + 0). 


d(7 +b) —c(a+8)+d(f + 4), 


C. 1. 
2. 95 (be + ad) —2 (cd — ab). 
3. 4cbd + 2dbf —3cba + d5abd. 
4. ab(d +f) + bd (c + a) —ac(b + a). 


Model Solution. 
Ifa=1,b=2,c—4,d=6, f=0, find the numerical value of 
abd (ab + be) —be(ab + be + cf), 
Given Expn. = 1.2.6(1.2 + 2.4) — 2.4(1.2 + 2.4~x 4.0) 
= 12/2 + 8)— 82+ 8 + 0) 
=12«10—8 x 10 


Exercise 3. 
Ifa=4, b= 25, c= 16, d=0,%=1,y=9 find the 
mumerical value of :— 
A. 1. 4,/5—2/6 + 2 Jie. 
lO 
3 2/46 + Mla —38./c + y. 
4. y4a* + bce — y2ed + Vy? + a2. 


1. 3vy + 4Vc —38yi. 

2 Vea + 6 Vay — 4ya. 

3. IVBe +» + 2/3) — Op. 

4. W4ac + Vbe + by —3Bya? + y. 


setae 
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C1. Qat 8yb + 4ye + 2d. 
2 Ty4y — 2yVab + 3ye. os 
3. V9a+ 4c + Vy 7y + 2. 
4, 4a? + 2c + 6y4y + ca. 


Model Solution. 


For the same values of a, b, c, d, #, y, find the value of 
9v8c + ay + a? + 6GyYabe + ady. 
Given Expn. = 93.16 + 4.9 + 4? + 64.25.16 + 4.0.9. 
= 948 + 36 + 16 + 61600 + 0 
= 9100 + 6y1600 =9 x 10 + 6 x 40 
=90 + 240=330. Ans. 


Exercise 4. 


Find the Arithmetical values of the following if «= 2, 
y= 3, 2=4,p =5,n=—6, 7=1:— 


A: pope , 8aty R. Ley tye mp t 6a 
ytz nt+y Pat ze+y 
m2 — z2 ie —wy* p* +y? n? + ey® 
MTN LET PMLLG 2. oF 
(2+y) (y—2#) prt Sap tg 
3 (ety t et y—2) Le 5 trp n+ rr y) See 
*—7 Z—@ nr 
A et+ytp aes ptnt+r a Ye oe 
(Ahr) Ai tae) ‘4/30 +y2 +r al 4r + By +m 
CO. nr + pz py — yr 


mermrnriyi prin. ci 

oS ae Op alte 

xy + n 7 

J By2—p?—a? , /f8n?—112? 

a+22—3y w+tn—z 

ey tpetote , wyetp tr 
J int — ae Be 
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Model Solution. 


For the same literal values find the value of 


A/ Ba? + 4y? + 7? i 4/822 — 2p? — 2(y 4 2) 
&+2Qy—r | ih eB) ees 
Given Expn. = V3.2? + 4.37 +1? a 8.42 — 2.52 — 2(3+ 4) 
2+6—1] Mae Bie, een naa 


2 V12+36+41 , 4/128 = 60—14 
= : a ite me 


— v49 V64__ 7 Sirus ne 
Be a ee ee +12... Ans 


Exercise 5. 


Express in Algebraical symbols :— 
A. 1. The sum of z and y diminished by z. 
2. Six times # added to seven times y and dimin- 
ished by nine times z. 


3. Three times a added to four times b is equal 
to five times c. 


4. a times 6 is equal to 2 times y. 


B. 1. The difference between a and y added to three 
times <z. 
2. Seven times a taken from six times b and 
added to three times c. 


3- Twice « taken from five times y is equal to 
four times z. 


4. p times m is equal to r times s. 


C. 1. The product of a and a added to the product 
of b and y. 


2. Four times f taken from nine times h and in- 
creased by three times d. 
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3- Ten times a taken from three times b is equal 
to twice ¢ taken from d. ars 

4. Three times the product of a, b, and c added 
to the double of d. 


Model Solution. 
Express symbolically 
nine times the sum of 2m and m added tosix times the pro- 
duct of 3p and 2q. 
9(2m + 21) +6 x 3p x 2g. Ans. 

Exercise 6. 

Write the following Algebraical expressions in words - 
at full length :— . 
A. 1. 2a—36 + 4e. | B. 1. 4 + 2qg—5r. | C-1-6+4d—2b. 


2. Qat+ytpa. | 2. 3y—4a—22.) 2-38y+5z—S8a. 
5 2a +e, 3. 9a—2d +14. 3. st d—a=0. 


4. 3be—Aay=5by.| 4 4by—-2ax=0! 4+ 5q—2ay. 


Model Solution. 
Express in words 
3abe — 4a + b)ab + 6 (a — c)ace 
Three times the product of a, b, and c, diminished by four times 
the sum of a and 6 into their product, and increased by six times 
the difference between a and c into their product. Ans. 
Exercise 7. 
Use Algebraic symbols to answer the following :-— 
A- 1. [ have b books in two cases ; and a books are in 
the smaller case; how many have I in the 
larger one ? 


2. Ten years ago I was x years old; what will be 
my age ten years hence P 


HAP, I. | 
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A man earns 2 shillings per day, how many may 
he earn in a weeks P 


Hight years ago A was four years older than B, 
who was y years old. What is A’s age now ? 


There are 20 boys in each class, and 2 classes in 


the school ; how many boys are there in all in. 
the school ? 


If n be an odd number, write down the next two 
odd numbers above and below vn. 


Two boys A and B have each 2 marbles at first. 
After playing for some time A wins y marbles. 
How many does each now have P 


Three years ago I was m years old; how old 
shall I be seven years hence ? 


There are 3 houses ; each house has a windows, 
and each window b panes of glass. How many 
panes have they in all ? 


If # is an even number, write the four next odd 
numbers. 


If A’is p years old, in how many years will he 
be ¢ years old ? 


From a yard measure I cut off three times in 
succession a inches, and then 6 inches. How 
many inches of the measure will now remain ? 
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Model Solution. 


If the 15th Regiment contained 80 more men, it. would still 
number 40 less than the 4th Regiment, which numbers z men. How 
many men has the 15th Regiment ? 

Number of men in 15th Regiment is less than number in 4th 
Regiment by 80 and 40 together, i.e., is less than x by 120, 

“ number of men in 15th Regiment = x— 120. Ans. 


Chap. II—ADDITION. 


§ 5. Addition in Algebra resembles compound addition — 
in Arithmetic, like quantities being arranged in the same 
column. Attention has however to be paid to the signs. — 
in Algebra ; if any term has no sign, + is understood. 


The rule may be stated thus :— 


Arrange all the given quantities, each with its own 
sign, so that like terms whether + or — fall in the 
same column; add all the + co-efficients and all the — 
co-efficients of the 1st column on the left; take the 
difference and set it down with its proper sign as the 
co-efficient of the first term of the required sum; do 
the same for each of the other columns in Bu oCORsiON, 

Note 1.—If the sum of all the + co-efficients just equals. 
the sum of all the — co-efficients in any column, the sum 
of that column is zero, and there is no corresponding term 
in the answer. 


Note 2.—The Algebraic sum of any number of quan- 
tities is distinguished from the Arithmetical sum by having 
regard to the signs of the separate quantities in Algebra. 


Note 3-—It is not always necessary to arrange in 
columns ; it saves time and labour to be able to add by men-- 
tally colleneme like terms as they come in line, and doing 
the additions or subtractions of co-efficients mentally. 
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EXERCISES ON CHAP. II.—ADDITION. 
Exercise 8. 
Arrange in columns and add 
A- 1. 3x + 5y + 8x + 6y + 7a + y. 
2. 7a — by + 2a — 3y + Sa—y. 
3. — 3a + 4b — 5b — 2a + 7b + 3a. 
4. 9c — 3d — 7c — 6d + 8c + 16d. 


da + 3b + 5a + 9b + 7a + 3d. 


B. 1 
2 7m —2n + 8m — 3n + 2m — vn. 
3. — 6x2 + 3y — 2a — 4y + 4e 4+ Ty. 
4. 5a— 3b — 10a — 12b + 2a + 20D. 
C. 2m + 3n + 8m + 62 + m + Qn. 


1 

2. Sc— 3d + 6c — 2d + 7c -— 4d. 

3. —da+ Ty + 3a — 9y — Qa + Sy. 
4. —%m + 2n —m—n + 10m — l6n. 


Model Solution. 


Arrange and add: 14m — 8n + 6n — 7m + 8n — 2m. 
14m — 8n 
— 7m + 6n 
— 2m + 3n 


5m+n. Ans. 


Exercise 9. 
Collect and add the following, without arranging in 
columns, 
A-1l. 2a — 3s + 5a— 6b + 46 — 9a + 6b. 
2. 5a + 9y — 3u— by + 2a — By — 3y. 
3. 5¢—9d + 76 + 3d — 8c — 12d + Ac. 
4. 3p + 2r —p—r + 6r — 8p — 3r. 
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Bel. 6% — dy + 3y — 8a — 7a — by + 102. 
2. 8p — 3s — 2p + 10p + 13s — 4p. 
3. —9a + 2b + 5b + 7b + 4a — 6b — Qa. 
4. da + 4a — 9x— 7a + lla — 15a — dbz. 
GC. le 50+ 4c + 8p + 6c — 2p — c — Bp. 
2. 3a + 6b — 7a — 2b + a — 3b — Qa. 
3. 4a — 7y — 8a — dy + 9y — Tax — Bz. 
4. 


Sa — by — 4y — 8a + Dy + 2a — y. 


Model Solution. 
Collect and add the following :— 
19b — 7c + 8c — 20b + 6e + 11) — 4c. 
Given Expression = (19b + 11b — 20b)+(8c + 6c — 7c — 4c) 
= (30b —- 20b) + (14e — lle) . 
=10b+ 8c Ans. 
Exercise IO. 3 
Add the following (i) by arranging in columns, and (ii) 
without so arranging :— 
A. 1. 5a* —6b? + 3c? — 9d? +8b*—4a2— 11d? + 6c? 
+ 7a? — 3d* + 7b? — 16c?+ 7d? — 9a? +5c? 
— 2b?. 
2  Sayt+9yz — Taz+3ay + 4az— Qyz — day + 8yz 
— 4uz + llyz — 2ay — 3az. 
3 l4dabe — 1lbcd + 1l2acd — 3abe + Bacd + 5bed 
— Yacd — 2abe — 7bed + 10abe — 9bed — Sacd. 
4 4aty + Tay? + 9a*y? — Qey? + 38x%y — 5x? y? 
= 6x? y — 3ay? + 4x? y? + o*y — ay? aos 07 y?, 


Be le 9m? — 3y2+8z% — 7m? — 6y? — 322+ 42? + 5y? 
— 2° +6a? + 52? — 9y* — lla? — 3y? — 52°. 
2  3pq — Apr +6qr — Tps+ Spr — 7pg — 3qr+ Ll ps 
. — opq+ 8ps — sae 20pr + 4qr — Spa — 17ps 
+ gr. 


Oe 
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3. llayz + 6x2y? 2* — Bay? z + days? — 5a2yz 
— 9u°y? 2* — Taye + 8ay*z—- l8ayz* + Baye 
— Day? z + a? y?2* — Ba? yz. 


4. S5abcd — 3ab?c?d + lla?bcd? + 4ab2c?d — Tabed 
— 9a* bcd? + Sab?2c*d + 18abed — 15a? bed? 
— 17ab?2c?2d — llabed + 12a2bed?. 


Cc. l. 6mnp + 3m? n*p? + Imsn? ps — Llm?*n?p? 
— 5m*n*> ¢* — 8mnp + llmnp — 17m? n*p* 
— llmin?p3. 


2. Sabp — 7a* b? — 3a?q* + 4b*q*?— llabp+6a2b? 
+ 9a*q? — 7b%q? + lia’ g? — 6b2q*% — 2a?b? 
+ 3ahp. 


3. 2axyz + 3ba? yz — dexry? z* + 8aayz — boat yz 
— llheay* 2? —5aayz+ 7ba* yz+ 6cay?2? + 6aayz 
+ Voxy*? 2* — llbayz. 


4. 3mnp? + 4? np — Tmn?p + 10m2n*p? — 5? np 
+ 6mn* p—9 mnp* —3m* n* p? + 8mn*? p—3mnp* 
—4m* n?p? —6m? np. 


Model Solution. 


‘Add the following (i) by arranging in columns, and (ii) without 
so arranging :— 
10p2?z — 3qu2? — llraz — Tquz? + 4raz — 2pu*z + Braz—Spx2z 
— 17 pa?2z — 12quz* + Braz + 5qaz?. 
(i) Arranging in columns :— 
10p2z*z—3qaz? —llraz. 
— 2pu22z—Tqxz* + Araz 
— 5px*z—12quz? + Braz. 
—17px?z + 5guz? + Braz. 


—14p2?z—liqez*+4raz Ans. 


te 
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(ii) Without arranging in columns :— 
Given sum =(l0px?z— 2px?z—5px22—17px2z) +(—Sqa2? —T gaz" 
—12quz2 + 5quz?) + (—lLiras+4raz + 8raz+3rez) 
= (10px?z—24pu?z) + (— 22quz? + 5qnz?) +(—Ll raz + Lbraz) 
= —)4pn22—17qu22+4rex, Ans. 


Chap. Ill—SUBTRACTION. 


§ 6. If bisto besubtracted from a, the result is express- 
ed in Algebra by a — b; and if ais to be taken from 4, 
the result is written b — a. . 

If b + cis to be taken from a, the result is obviously 
a — b—c; for we have to take first b from a, which gives © 
a-— b; and then ¢ from this, which gives a — b —c. 

lf b —c is to be taken from a, the result is a—b+ ec; 
for if we take only 6 from @ we get a—b; but if we sub- 
tract b we take away c too much ; thus a — bis ctoo small ; 
hence a — b + ¢ is the final result. 

If we take 2a — 3b + 4c from 5a — 7b + 6c, we proceed 
very much as in compound subtraction in Arithmetic: 
and we get 3a — 4b + 2c. 

All these cases may be summarized in the following 


Rule.—Change mentally the sign of each term of the 
subtrahend (or expression to be subtracted) and add. 


EXERCISES ON CHAP. 1Ill.—-SUBTRACTION. 


Exercise Il. 
A. 1. From a—b6takea + b. 
2. From 3a — 4y — 5z take 2a — 2y — 32. 
3- Krom a take a— b—-«¢. 
4, From 5a + 2y — 9z take — w—y—z. 
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1. From «+ ytake a— y. 

2. From 2c — 5d — 3f take c — 2d — f. 

3: From a take x — y— z. 

4. From 3a + 2b— 4c take — 2a + 2b — 2c. 


1. From c take c + d. 

2- From 3p + 8q — or take 2p + 4q — 3r. 
3. From 5p + 4r— 3s take — 4p — 57 — 6s. 
4. From p— 2q + 3s take 3p —q +s. 


Model Solution. 
From 7% — 2y + 32 take — 2a + 4y — 32. 
72 — 2y + 32 
—2a + 4y — 32 


9c —6y +62 Ans, 


Exercise 12. 
Subtract twice in succession :— 
A. 1. 3ay— Taz + 8yz from Yay — 2az+ Tyz. 
2. 3p + 4q —r from 8p — q + Or. 
3. 2a—3b+ 4c from 4a — 2b — 9. 
4. 3pq — 2pr + 8qr from 11pq — 2pr — Sqr. 


1. 5a— 7b —c from 12a — 9b — 4c. 

2. 3p + 2q — 4r from 9p —- 5g — 6r. 

3. day — 2xz + dyz from bay + Taz — Tyz. 
4. ay — 3uz + 2yz from 4ay — 2xz + B8yz. 


C.1. 2p —3q + 7 from 5p — 2q — 7. 
2 2a— 7b + 3c from lla —5b + 7e. 
3. dab + Zac — dbc from 7ab — 9Yac + I Lbe. 
4, 2a* + 3b% — 2c? from 7a? + 9b*% — 5c?. 
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Model Solution. 


Subtract twice in succession :— 
5a? + 8y? — 22% from 7x? — dy? + 62? 
7a? — 5y? + 62? 
50? + 38y% — 22? 


227 — 8y? + 8x? 
a@? + 38y? — 22? 


— 32? —lly? +10z? Ans. 


Chap. IV.—EXTENDED MEANING OF THE 
SIGNS + AND — 


§7. The signs +.and — denote operations of an opposite 
kind, viz., adding and taking away; hence they naturally 
come to be used to denote any operations or things which 
are opposite in character, or which are the reverse of one 
another. The following are important examples :— 


(1) Income and Expenditure may be considered positive 
and negative additions to one’s capital. 


(2) Buying and Selling are positive and negative addi- 
tions to one’s stock. 

(3) Profit and Loss, Oredit and Debit, Births and Deaths 
are respectively positive and negative additions to 
income, or to bank account, or to population. 

(4) Going in one way is a positive movement, and going 
in the opposite way is a negative movement. 


Hence the signs + and — are often used advantageously 
in finding the net result, or balance, of a series of transac- 
tions, such as buying and selling, profit and loss, credit 
and debit. 
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Model Solution. 


A librarian has in his library 386 books on English, 412 Novels, 133 
Mathematical works and 249 works on History: he lends the first day 
‘78 English, 98 Novels, 24 Mathematics and 38 History ; next day he 
lends 46 English, 74 Novels, 19 Mathematics and 29 History ; and 
receives 57 English, 85 Novels, 31 Mathematics and 30 History ; on 
the third day he lends 59 Kaglish, 35 Novels, 12 Mathematics and 
13 Hietory, and receives 41 English, 23 Novels, 15 Mathematics and 
16 History. What will be his stock of books in the library at the 
close of the third day ? 


English. Novels. Mathematics. History. 
+ 386 + 412 + 1388 ‘+ 249 
— % he — 24 — 38 
— 46 — . 74 —- 19 — 29 
pe BT + 865 + 81 + 30 
mn HO — 85 ot — 13 
+ 41 + 23 + 15 +. 16 


(+ 484 — 178), (+ 520 — 202), (4179 — 55), (+ 295 — 80), 

306 English, 318 Novels, 124 Mathematics, 215 History. Ans, 
Exercise IS. 

Employ the signs + and — to answer the following :— 

A. 1. A dealer bought 6 cows, 8 sheep, and 3 horses; then sold 
5 sheep and 2 cows; next bought 10 sheep and 5 horses: again 
bought 10 cows, 5 sheep, and 9 horses; and finally sold 10 sheep, 
6 cows, and 8 horses, What live-stock has the dealer now on 
hand P 

2. A manufacturer hires 20 men, 30 women, and 12 boys on 
Monday : he sends away 10 men, 6 women, and 2 boys on T'ues- 
day : and again 3 women and 4 boys on Wednesday: he takes on 
17 more men, 5 more women, and 15 more boys on Thursday : 
lastly, dismisses 5 men, 6 women, and 3 boyson Friday. How 
many employees does he now have at work ? 

3. Ihave on hand 9 pounds, 11 shillings, and 10 pence; I pay 
away 4 pounds, 3 shillings, and 2 pence; I draw 20 vounds, 5 
shillings, and 1 penny; I next pay away 11 pounds, 10 shillings, 
and 7 pence; I again pay away 1 pound, 1 shilling ; and lastly, 
draw 13 pounds and 8 pence. Whatis now the state of my funds ? 
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B. 1. A furniture-birer has in his shop 60 chairs, 20 cots, and 15 
tables; be lends 18 chairs, 6 cots, and 3 tables to.one person ; and 
also 12 chairs, 4 cots, and 8 tables to another person; then he 
gets in 10 chairs, 3 cots, and 4 tables from a third customer ; he 
lends 16 chairs, 7 cots, and 5 tables toa fourth party ; and lastly, 
cets in 5 chairs, 3 cots, and 7 tables. What furniture does he 
now have in his shop ? 

2. A bazaar man has in his store on Monday 500 measures of 
rice, 360 measures of ragi, and 400 measures of cholum; be sel!s 
that day 278 measures of rice, 200 of ragi, and 290 of cholum: 
on Tuesday he sells 140 measures of rice, 124 of ragi, and 90 of 
cholum: he replenishes his bazaar on Wednesday with 340 mea- 
sures of rice, 250 of ragi, and 300 of cholum, selling the same day 
130 measures of rice, 120 of ragi, and 190 of cholum: on Thursday 
he adds again to his store 220 measures of rice, 300 of ragi, and 
880 of cholum : and sells the same day 280 measures of rice, 350 
of ragi, and 420 of cholum. What has be ir his store at the close 
of Thursday ? 

3. A general sets out on an expedition with 2,000 infantry, 
800 cavalry, and 480 artillery: in the first battle he loses 50 
infantry, 20 cavalry, and 10 artillery ; next followed a severe 
battle when he lost 840 infantry, 320 cavalry, and 160 artillery. 
Fresh supplies were however at hand consisting of 1,200 infantry, 
500 cavalry, and 320 artillery. Sickness carried off 110 infantry, 
46 cavalry, and 28 artillery; and another battle cost him 2806 
infantry, 150 cavalry, and 62 artillery. What troops has the 
general now under his command ? 


C. 1. There are 8 classes in a school, and the numbers at open- 
ing are class I, 24; class II, 28, and class III, 33 pupils. By the 
end of the 1st month there are withdrawn 4 from class I, 7 from 
class II, and 5 from class III: but there are enrolled as new 
pupils 7 in class I, 12 in class II, and 9 in class II]: next month 
there are added 2 to class I, 5 to class [I, and 8 to class III; 
while there are withdrawn 5 from class I, 6 from class II, and 
7 from class III. What are the numbers now on the roil ? 

2. A gentleman has 3 bags; cne contains 100 sovereigns, 
another 80 crowns, and the third 70 shillings. He puts in 16 
sovereigns, and takes out 24 crowns, and puts in 12 shillings; 
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next he takes out 39 sovereigns, puts in 17 crowns, and takes out 
30 shillings: thereafter he puts iu 12 sovereigns, takes out 30 
crowns, and puts in ]8 shillings; lastly, he takes out 25 sovereigns, 
14 crowns, and 39 shillings. What has he now in the bags ? 


3. A Railway train starts from acertain station with 20 first 
class, 54 second class, and 568 third class passengers. At the 
second station, 2 first class passengers enter and 5 leave 
6 second class enter and 2 leave; and 82 third class enter and 
10 leave. At the third station, 4 first class enter and 5 leave; 
8 second class enter and 12 leave; and 14 third class enter and 
18 Isave. At the fourth station, 2 first class enter and 7 leave; 
5 second class enter and 11 leave; and 36 third class enter and 
47 leave. What passengers are now in the train. 


Chap. V.-THE USE OF BRACKETS. 

§ 8. A pair of brackets is used in algebra to mean that 
all the terms within them are to be considered a single 
quantity ; and their use is meant to shorten algebraic ex- 
pressions. Just as in ordinary English we abbreviate the 
expression @ red colour, a blue colour, and a green colour, 
into ared, a blue, anda green colour, so in algebra we 
abbreviate re + be + gc into (r+ b+ g)e. 

When there is only one pair of brackets in an alge- 
braical expression, and we wish to remove the brackets 
for the purpose of simplifying the whoie, the following 
points must be carefully attended to :— 

(i) If + be the sign before a bracketed expression, the 
brackets may be removed without affecting the 
sign of any term within. 

(ii) If -— be the sign before a bracketed expression, we 
must change the sign of each term within, if we 
remove the brackets. 

Gii) If a co-efficient be prefixed to a bracketed expression, 
it must be multiplied into each term of the quan- 
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tity if we remove the brackets; and if the — sign — 
be before the co-efficient, it will also change the 
sign of each term of the product. 

Example: 3 (a? — ab)—2a(b—a) = 3a*—3ab—2ab + 2a? 

= 5a°’— dab. 

§ 9. An expression often has two or more pairs of 
brackets ; the square brackets [ ] are used as the out- 
side or most comprehensive brackets ; within these may be 
one or more pairs of face brackets { } ; and within 
each pair of face brackets may be one or more pairs of 
common brackets ( ) ; and within each pair of common 
brackets may be one or more vinculums 


In order to simplify such a complex expression, we 
apply the above rules for simple brackets first to the in- 
nermost bracketed portions, removing the brackets one 
pair at a time. It is not necessary to proceed in this 
way; but it is usually more convenient. With practice 
the process may be shortened, and two or more pairs of 
brackets removed at the same time. [See Model Solution 
to Hxer. 15.] 

§10. For the Insertion of Brackets we must use the 
converse of the above rules, as follows :— 


(i) We may put any number of terms within brackets. 
and prefix the sign+ without any other change, 
e.g.,a+ 2b—dc—at (2b— 3c). 

(ii) If we prefix the sign —, we must reverse the signs 
of all terms within the brackets; e.g.,a—-2b + 
3¢ = a— (2b—38c). 

(iii) If any factor is common to two or more terms of an 
expression, we may place it outside brackets and 
remove it from each term. 

Hxample: 3a*b — 3ab* = 3ab x (a—b). 
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Exercise 14. 
Remove the brackets from the following expressions 
and simplify them :— 
A-l. 22+ 38y + z—(a—y—2z). 
2- 3a — 2b + 3¢ — (2a — 2b — 2c). 
3. 0% — 3 {3x — (4a —y) + Qy)}. 
4. 3n — 4m —5 { 2n — 3(m—n) }. 


B.1. 2a—b + 5¢— (a — 2b — 3c). 

2. 4in — 5n + 6p — (3m — 2n — 4p). 

3. 12a + 7b— 4 { 3b — (5a — 9b)}. 

4. 6a + 11b—3 { 4b — 3a — (2a — b)}. 
C.1- 3¢ + 2d + 7e — (2c — 3d — 4e). 

2. 4a + Ty — 9z — (8a + 5y — 2z). 

3- 10a + 5b — 6{ 8a — (6a — 3b)}. 

4. 9x + 5y — 2 { 38y — 62 — (3a — 2y) }. 


Model Solution. 
Remove brackets and simplify 9m—7n— { 8n—4m— (38n—5m) % 
Given Expression =9m—7n— { 8n—4m —3n + 5m } 
=9m—In— m+ 5n \ 
= 9m —7n—m—5n 
; =8m-—12n. Ans. 
Exercise 15. 


Remove brackets and simplify :— 
A-l 8—[3— {6— (4—3—7)} ]. 
2. 3a —[6a— {5% — (2a — Fo — Bz) } J. 
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3. 6a — 9y — [Ba + 8y — {52 — lly = (4a — by 
— 7x — 12y) } |. 

4. 8m + 6n-—[5n—3m — { 4m—(3n — 2m) — (6n— 
7m) } — 4 { 6n—(4m—3n) — (11m—Am) } |. 


B. e168 = es) 

6a —- [8a — { 3a — (7a — lla — 6a) ¥ }. 

3. 9a — 7b —[5a + 6b — § 3a — 4b — (6a — 8b 
— 10a —7b) } |. 

4. lle + 8y— [6a + 5y — {3a + 4y — (2a — Sy) © 
— (4a — 3y)} —3 { 8a — lly — (14a — 6y) 
— (92 — 4y)-j }. 


oe 


Cte Oe 40 kB ae 

5m — [9m — { 6m — (3m — Sm — 2m) } I. 

3. 8m — 6n— [4m — Qn — £ 7m + 5n— (11m — 4u 
— 6m + 4n) } ]. 

4. 7a+5b—[3a+2b — { 5a—(8a—4b) —(4a—2b) § 
— 5 {3b — (2a — 5b) — (6a — 9b) } J. 


& 


Model Solution. 
Remove brackets from and simplify :— 
9m + 7n—[6n + 8m— £ 6m—(38m—7n)—(4n—8m) } —3 { 9n—(8x 
—3m)—(5m—2n) } |. 
Given Expn. 
=9mn+'Tn—[6n+3m— £ 6m—3m + 7n—4n + 8m ; 
—3 { 9n—8n + 3m — 5m+2n } ] 
= 9m + 7In—[6n + 8m— {1lm+3n} —3 { —2m+3n } ] 
= 9m + 7n—[6n + 8m—11m—8n + 6m—9n | 
= Im + 7n— | —2m—6n | 
=9m+7n+2m+ bn 
=l1lm+18n. Ans. 
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Chap. VI.—MULTIPLICATION. 


§11. Multiplication of Monomials. 

Under definitions it has been explained that the pro- 
duct of unlike quantities such as a and 6 is denoted in 
algebra by writing them together without any sign, thus 
ab. Also it follows from the definition of power or index 
that, when like quantities are to be multiplied, we simply 
add the indices: for a? = aaa, and a® = aaaaa; hence 
a®> xX a° =aua X aaaaa = a® (by def.). 

Numerical Co-efficients are multiplied asinarithmetie: 

Example: 7a?b? x 6a3b? = 42a5b®. 

Literal Co-efficients cannot be combined in this way 
except when they are the same letter. Thus Vax* x 3aa* 
==Zla?xz*>; but Vax? x 3bz3 = Ylaba>. 

For Signs, the product of two quantities with lke signs 
is +, but with wnlike signs is — . 

Thus — 2@? x (— 3a3) = + 62°; 
but + 2a? x (— 32°) = — 625. 

The reason of the fact that — into — gives + is simple. 

The sign — may be called the symbol of reversal; now 


if a thing or action is twice reversed, it is of necessity re- 
stored to the original or unreversed condition. 


Obs. mim+m+m=4m 
butmxmxmxm=—m*‘. 
Exercise 16. 
Multiply— 
A- 1. 3ax* by 2bx5 ; 4x*y5 by —3a?y* ; and — 6a*bx?y 
by — 407b3 x? y*. 
2. 4pq’? — 3p?q + 5pq by 6p'q?. 
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3. 3a*%bc — 2ab*c — 4abe* — 6a*b*c* by — sabe. 
4, — 4ay2* —3ay*z + Ta* yx — 182yz by 62? y2*. 


B.1. 4p?a? by 3pat* ; 2x*y* by —x5y*; and — 8a* ba’ 
by — Aa?b3a5, 
2. Qhax? —3c?y + 4az® by — 3a? be? ay?z. 
3. 5a%ay? —3ax2y — aay + 4a? a*y* by — 7ata*y. 


4. — 2pgq?a?z + 5p* gay? — 3p* q?a* 2? — pqz®y® by 
Ay? gay? z. 


C. 1. 52y? by 9aty*; Gp*at y by — 2px? y? ; and 
— Ta*baey* by — 4a3b? x? y?. 
2. 6ax® — 7b?y% — 303 z* by — 2aba? yz. 
20g? a — 3p* qu? —4p%q?a° by Sp? qu’. 
4. 4a* bay? —hab?a3y — 2abu' y? —— 3a? b? a? y® 
by — 6a° be a*y?. 


& 


Model Solution. 
Multiply : 5a°be2y2 —8ab*ay* + 7a2b2a%y° by —4a*b*agy®. 
5atba2ty? —8ab3ay* + 7a*b?ary® 
— 4atbtary>. 
= 20a7ba®y? + 12a5bi xty? —28a%beaty?® Ans. 


§ 12. Multiplication of Polynomials. 

If the multiplier and multiplicand each consist of sev- 
eral terms, then the product is the sum of the separate 
products of each term of the multiplicand by each term of 
the multiplier. Thus p (a—b +c) =pa— pb + pe; 

and (p—q) (a—b +c) = (p — 9) a—(p—q) b+ (p—4) ¢ 
=pa— ga— pb + qb + pe— ge. 

The General Rule for Multiplication may be summed 
up as follows :— 


Arrange multiplicand and multiplier both according to as- 
cending, or both according to descending, powers of the leading 
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letter ; place the multiplier at the left-hand under the multi- 
plicand, and work from left to right ; now multiply each term 
of the multiplicand in succession by each term of the multi- 
plier according to the rules ‘given above for monomials ; 
arrange like quantities in the same vertical columns and add. 


Exercise 17. 
Multiply— 
A-l. 2% 4+ 3 by 38a +7: and 4x + 6 by 5a— 3. 
2. 4a* — 3a + 5 by 2a + 38. 


3. 3a? — 2a + 9 by 5a + 4. 
a? — 2a* + 3a— 1 by 2a — 4, 


2 


B.1. 32+ 5 by 4u+ 6: and 7a + 3 by 2a — 4. 
2. oy*? — 2y + 7 by 3y — 2. 
3. 7y? — by + 8 by 2y + 3. 
4. 2p* — 3p? + 2 — 1 by 4p — 6. 

C.1. 37+ 8 by 2y + 5: and 4y + 6 by 5y — 7. 
2- 2a? — 2a + 9 by 4a — 3. 
3. 2p? — 8p + 7 by 6p + 4. 
4. 3a° — 4a* — da + 2 by 2a — 7. 


Model Solution. 


Multiply 52° —32* + 62 —7 by 37 +8 
52° — 3a? + 64 — 7 
32 +8 ; 
15a* — 9x? + 182? — 21x 
ets 40a* — 240° + 482 — 56 
15z* + 31a? —622? +272—56. Ans. 
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Exercise 18. 
Multiply — ete: 
A.1l. 2? +a—1by #2? —a#+1. 
2. 6x2 — 7a + 8 by 3u* — 4a + 5. 
3. y8 — 3y + 2 by y® — 3y? +2. 
4. g% + day + Sy” by u* — day — 2y?. 


B. 1. p+2q—r by p—gqt 3r. 
2. 3a+ 20+ c¢by a+ 2b + 3. . 
3. mi —3m* + 3m —1 by m* + 8m + 1. 
4. 2x? — 3ay + 4y? by 3x? + 2ay — y?. 
C.1. 2a8 — 3x? + 2a by 207 + 3a + 2. 
2. 3p? —p+2by 1+ 5p+p’. 
3. a3 — 2a?b + 3ab? + 403 by a? — 2ab — 3D?. 
4. 


6y? — 7y + 2 by y* + 2y 4+ 3. 


Model Solution. 
Multiply 7a? —Q9ay + 10)? by 3a? + 2ey — dy? 
722 —9vy + 10y? 
3a? + ay — dy? 
21e* —27437 +3002 y? 
+ 144% y —18x?y? + 20xy* 
—21u?y? + 27ey? —30y* 
Qlat—13a%y— Yury? +47ey? —30y*. Ans. 


Exercise 19. 
Multiply— 
A-l. a? + 4a+ 15 by a? — 4a + 1. 
2. 6y? — Ty + 2 by y2 + 2y 4+ 3. 
3. 3y3 + 7y? —5y + 1 by 2y? — 3y + 2. 
4. a>? + a®b + ab? + b> by a® —ab + B®. 
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B. 1. 3a? — 2ab + 4b? bv a? — 7ab + 36?. 
2. 1+ 2y + 4y? + Sy*® by 1+ 4y + Sy?*. 
3- 82> — 4a*y + Tay? + 9y> by 2a* + Bay — 4y?. 
4. y*> + ay* — by + chy y? —ay— b. 


C. 1. 2y3 — dy? + 4y — 1 by 3y2 — y + 2. : 
2. 9+ 7a + 5a? + 3a*° by 44+ 5a— 6a’. 
3- Qat— 7a? + 5x* — 3a+ 4by 3x2 4+ 8a? + 5a—6. 
4. 2% —az? + bz —c by z? —az + 8. 


Model Solution. 
30° — 474 + Say? — y® 
227 + 8ay — 4y? 
62° — Baty + 10x%y? — Qa2y? 
+ 9r*y — 120% y? + 150272 — 8xy* 
— 123 y? + 16a2y% — 20xy* + 4y° 
6a® + x*y — 14a03y? + 29027 —2WBWayt +4y°. Ans. 


§13. Product of Homogeneous Expressions. 


If multiplicand and multiplier be each a homo- 
geneous expression, their product will also be 
homogeneous, and its dimensions will be equal 
to the sum of the dimensions of the multiplicand 
and multiplier. 


There is no more important law in all Algebra than this 
Law of Homogeneity. For example(a* + 2ab + 6b?) x 
(a? + a?b + ab? + b§) =a?® + 3a*d + 4a*b? + 402d? + 
3ab* + b®. Here the multiplier is a homogeneous expres- 
sion of two dimensions, the multiplicand one of three 
dimensions; and the product one of five dimensions. It 
is clear that this must be the case, because, at each little 
step of the process, we multiply a term of the second 
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degree by one of the third degree; hence each of the 
partial products is a term of the fifth degree. 


As the terms will be homogeneous for each step in the 
process, we have a ready check on the accuracy of our 
work by noting this carefully. 


Exercise 20. 
Find the continued product of the following :— 
A-l. (a+b) (a +c) (a+ a). 
2. (3x + 4y) (2% + by) (5a + By). 
3- (9a — 3b) (4a + 7b) (8a — 5d) (2a — 4D). 
4. (a? + ax + a?) (a2? —ax+ a*) (a —2). 


1. (w+ y) (w+ z) (@ +p). 

2. (4a + 6c) (5a + 7c) (6a + 2c). 

3. (8H + 6y) (9a — 3y) (2a — 4y) (8a + 5y). 
4. (ax + cy) (ac + ay) (aw — cy) (ac —2y). 


C.1. (m+n) (m+ yp) (m+ q). 
2. (6x— 3y) (5a — 4y) (8a — 7y). 
3. (3a — 4b) (5a + 6b) (2a — 3b) (4a — 3d). 
4. (3+ a) (44+ a) (5—2x) (6—2z). 


Model Solution. 
Find the continued product of— 
(5a — 6y) (4a — 8y) (8a — 2y) (4a — By). 
ist. Product of 5a—6y & 4a—3y. 2nd. Product of 8a—2y & 4a—5By, 


5x—6Gy 8a—2y 
4a--B3y 4a—5y 
20a" —24xy 3242—B8ary 
—l5ay + 18y? —40xy + 10y? 


2022— 39xy + 18y? 32xn2—48ay + 10y” 


———ise) 
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Now multiply these two results together. 
202? — 39ay + 18y? 
32x? — 48ay + 10y? 
€402* — 124823 y + 576x272 
— 9602%y + 187202y2 — 864273 
+ 200x2?y? —390ay? + 18(ty* 
6402+ — 220843 y + 26484? y° — 1254ay?+180y*. Ans, 


§14. Multiplication with fractional co-efficients. 


If the co-efficients of any terms are fractional, we use 
the ordinary process: and multiply the fractional 
co-efficients by the rules of Arithmetic. 


It is to be noted that the order of multiplication is of 
no moment: hence, if need be, we may turn multi- 
plicand into multiplier in any case. 


Exercise 21. 


Multiply— 
Al. ju° — yoy + 3y? by gx + dy. 
2. op? + ap + 2 by 3p — 3 
3. 3m? —imn + yn by 3m — yn. 
4. ja* — jae + §x* by 3a + 32. 
B. 1. 2a? — tab + ib* by 2a—5 
2 zy” — aay + 2a? by Sy — $a. 
Pioek 4Pe + 20" by tp — hg 
ae — ae a by 42 — 3 


C1 fm? — imn + gn* by 3m — 3n. 
a gu* — Gay + ty” by 3a — Fy. 
3. Sa* + fab — ib? by 4a — 1b. 
™ at —— seg + 40° by ip — to. 
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Model Solution. ipsfing 


Multiply 3a? — ab + 3b? by 4a— 426 
2q2 — tab + 3b? 


L 3 
aie tee 3b 
ee eee er 
on 35a7d + qeab 
— ia2b + gab? — 4b? 
We 2 42 epey Ae 1p2 
2° — T6E4 b + 33ab7 — 40?. Ans. 


Chap. VII.—DIVISION. 


§ 15. As this is the converse operation to Maltiplica- 
tion, all the methods for Division will be the converse of 
those for Multiplication. 


The process for Monomials.—Divide numerical co- 
efficients as in arithmetic; and, to divide like literal 
quantities, subtract the index of the divisor from that 
of the dividend ; the sign of the quotient is + or — 
according as signs of the terms are like or unlike. 


Haxamples. 
1247 <- BS = 4a* ; 15a%b?e + (— 5abc) = — 3a?b. 


§ 16. Division of Polynomials.—The method may be 
summarised thus :—Arrange the divisor and dividend each 
according to ascending or descending powers of some leading 
letter ; then divide the first (that rs left-hand) term of the 
dividend by the first term of the divisor, and set this down as 
the first term of the quotient ; multiply each term of the divi- 
sor by this, set down the product under the dividend and 
subtract as in arithmetic; now take down one or more terms 
of the dividend as may be necessary, and proceed in this way 
HiIl all the terms of the dividend have i succession been 


taken down. 
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§ 17. The Law of Homogeneity. This is of equal im- 
portance in division. as in multiplication. Jt is as fol- 
lows :—If dividend and divisor be each homogeneous, 
so is the quotient: and its dimensions = the difference. 
between the dimensions of dividend and divisor. 


Hazample: (a* — 2a*b? + 64) + (a—b) = a + ar 
— ab* — 6°, that is, a homogeneous quantity of 4th degree 
divided by one of the first degree gives a homogeneous. 
quotient of the 3rd degree. 


§ 18. Arrangement in Division. When we have a 
long divisor and dividend it is better to put the divisor on. 
the right hand (and not on the left as in arithmetic), with 
the quotient under the divisor, separated from it by a line. 
There is less risk of making a slip of sign, &c., in carrying 
the eye from the new term of the quotient to each term of 
the divisor, as we perform the steps of multiplication. 


The arrangement takes this shape :— 


Dividend | Divisor _ 
Quotient 


Exercise 22. 
Divide— 
A. 1. 54a°a5 by 18azx* ; and 34abiy4 by — 175%, 
2- 15a? — 20x68 + 10° by 5x3, 
3- 6a? + 19%? — 2x — 30 by 2a + 5, 
4. 12a*x + 24a*y + 280722 + Yabx + l8aby + 2labz 
by 4a+ 36, 


60ac* a by 12ca®; and — 42640? by L4dey), 

1647 — 2446 — 28y5 by 4yy4, 

2ly* — 4078 + 43y? — 36y by oy — 4, 

8a? a® + 2hata®y + 2axy? + 8y* by 2aw + 2y. 


XLVIII 3 
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21a7b3x? by 7a%a6; and — 12a%b2a8 by 6atia®. 
48a6 — 420° + 3624 by 623, = 

L2m* — 29m + 27m* — 20m by 3m — 5. 

6a° a? — 18a*a*z + 18ae2* — 62 by 3a — 3zz. 


Po. toe 


Model Solutions. 
Ll. 27a7b3a’ +8atbx? =9u2b2a4, 
2. —12x° + 20n* —24x3 + 360? + —40? =8n3 —5a? + 6x —9, 
3. 282° —69a* +6723 —682? + 2la+4c0—7. 


28a° —69x* + 6723 — 6822 + 21a (oe a 
2825 — 49a* 
—2U0a* +6723 
— 202+ + 85x23 
38223 —68x2 
322% —5€x2 
— 1242 +212 
—1222 +21 


Ans. fhe — 5x3 + 8x2 —3a. 


£xercise 23. 
Divide— 
A. 1. a + 4a¢+ 7x* + 7a* + 4a + lby a? + Qa 4 1. 
2. a? — aty — ay* + y° by x® — 2ay + y?, 
3. 647 — 1726 + 34a° —40a4 + 2023 + 3% — 24a 
+ 18 by 2a3 — 302 + 4a — 3. 
4. jot — sho? + % by }a* + de — 8. 


B. 1. 625 + 5a4 — 2523 + 31a? — 13x24 2 by 2a? — 3e 
2. a> + 3atb + 4a2b* + 4a*%b? + 3ab4 + 5 [ +2. 
by a? + 2ab + b*. 
38-1228 — 827 + 626 + 25 + 5204 + 6la? — 347? 
+ 14a —4 by 3a? — 2a? + 6a— 4. 
4. {at + at by $a? — Sam + 3a?. 


CHAP. VII.] DIVISION. 39 


C.1. 3a* — 23a y + 27a%y? — S4ay? + 12y* by 
a* — Vay + 3y?, 
2p? + 2ptg + 3p*q* + 3p*q? + Qpg* + g* by 
Poste Poo". 
3. L5a® — 4497 + 720% -— 8795 4+ 42n4 +27? — 872% 
+ 702 — 36 by 32° — 7a? + 6a — 4, 
4. 84% — 3qz3 4 atx? — za* by 2u* — saz + ig?, 
Model Solution. 
Divide $a° —4e* + 70? —43¢2_ 29% 497 by te? —9 43, 


327 —2+8 
gu° —4a* + 2293 — 4392 _ 339 497 (eens ee 
gt" —50? +4049 
SP ee. Poy a es 
$05 — But 4 2y 
—iSgt 4 4193 4372 
gu * + 41g3 435 
—3u* + 5a? —15 4? 


Lys 4174233 
gut +ite 3a 


go? —1n? +4385 
1Ea? —38¢ + arg 
8n2 — 94 +97 
Ans. 3«*—52?+12+49, 
Exercise 24, 


Find the remainder after dividing— 


A.l. 7x3 +9 + 96x? — 27% by 7a — 2, 
2- 16 + 9a* — 35c* + Tac by 3a + 7c. 
3. 2a? + 12 — 14a — 38a? +1504 by 2 — 4a — 5a?. 
4. 4a* — 1303 — Sax8 + 144 1Pa*a® by 
ga* — 2Qax + 22%, 


LO — 132% + 1007? — a by 3 + 25a. 
12a* + 13 — 12ac — 36c? by 4a — 9¢., 
9a? — 6a?,— 2a + 4 + 2° — Sat by a — 3942. 


9 At 5 an Lye i Sind 378 ake 
ist” +t3ta a 42° by ga Se oi 


PON & 
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8 — Zay — ldy? + 962? by 12a — dy. 

36+ 62? — 30a by 2a —7. 

3a? — 2a + 38x? —2— 4a* + 2® by x* —a —2Q. 
362* + 5 — day + Ly? by 6a — dy —i. 


Pod 


Model Solution. 
Find the remainder after dividing ja° + Jay? + 1y? by 4u +3. 


a+ hy 
Lyd 4 (2 3 : 
5 ee — sry + Psy” 
4a? + Jot 
—er"y + gery” 


— ge? lea 
35° wy? + sus 
sety* t+ery* 


ezy* or gyy* 
Remr. s7y* e Ans. 


§ 19. Non-terminating Quotients. 


There frequently arise cases of division in algebra where 
the quotient is non-terminating, just as in arithmetic the 
quotient may be a non-terminating decimal. 


Exercise 25. 
Divide to four terms in the quotient— 
A-1 Lbya+2. 
2. wby 2? + 1. 
3. Ll+abyl—at a’, 
4. a+bbyab+ I. 


1 3Sbhyz+e. 

2. #x2—Ilby aw? +1 
3. a? + 1 by # +4. 
4. 1-+ 2y by 1 —3y. 
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C.1. a+ by a® + 2%, 
2. a+] by x? —1, 
3 y® by 1—y*, 

4. 1+2? by l—za. 


/ 


Model Solution. 


Divide to four terms in the quotient axz2 by a?a° —a3a+a*, 
a?23 —a3e+q* 
ax? t SPER Garner 


eof 
—+——-—+—+é&. Ans. 
ae @% wet 5 


D) as 
ax-—a2 + —_ 
x 
aA a" 
£ 
a® at 
a? — bh a 
o2 3 


Chap. VIII_—MULTIPLICATION AT SIGHT. 


§ 20. It is of the very greatest importance for the 
student to be able to write down at once, without going 
through all the steps, the product of certain forms of 
algebraic expressions. These we shall now consider. 


§ 21. The product of two binomials of the form 
(x +a) and (x + b) isx2+(24+b)x+ab. 
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Here we see that— 


(1) the product of two binomial factors consists of 
three terms; 

(2) the first term of the product is the square of the 
first term of each factor ; 

(3) the co-efficient of the second term of the product 
is the sum of the second terms of the factors ; 

(4) the last term is the product of the second terms 
of the factors. 


If a or b or both have the—sign, then by ordinary 
multiplication we get : 

(x +a) (x—b)=x2 + (a—b) x—ab 
and (x — a) (x—b) = x*—(a+b)x + ab. 

Here we see that the same four laws hold good for the 
formation of the product; attention being paid to the signs 
of a and b. 

Examples: (w+ 2y) (% + 3y) = 2%? + dya + by’: 
(a + 5y) (w— 2y) = a* + 38ya — 10y’. 
§ 22, Consider the product of three binomials of the form 
(x+a), (x+b), and (x+¢). 

By ordinary multiplication and the use of brackets, we 

find it to be— 
x3 + (a+b+c)x+ (ab+ ac + be) x + abe. 

Here we see that— 

(1) the number of terms in the product is one more 
than the number of factors ; 

(2) the first term is the cube of the first term of the 
factors ; 

(3) the co-efficient of the second term is the sum of 
the second terms of all the factors ; 
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(4) the co-efficient of the third term is the sum of 
the products of the second terms of the factors. 
taken two and two every possible way ; 

(5) the last term is the product of all the second 
terms of the factors. 


Note.—If the sign of a, b, or c, be—, we have only to 
change the sign or signs accordingly in the 
product; thus 

the product of (k + a) (x — b) (x— ¢) is 
x3 + (a—b—c) x2 + (—ab—ac+be) x + abe. 
It is clear that the laws of formation of the product are 
the same for two factors as for three factors ; and that 
we must pay attention to the signs. 


Examples: 1. (a+2a) (x%+3a) (a+4a) = x + (2a4+3a 
+ 4a) 2* + (6a® + 8a* + 1202) x2 + 2403 
= «a + Yax? + 260?” + 2403. 
2. (w+ 7a) (w—2a) (a—3a) = a8 + (7a—2a 
—3a) «2 + (-—1l4a?—2la?+ 6a?) a+ 42a 
=»? + 2aar? — 29a2m + 4203, 

With a little practice the student may do the additions 
and subtractions of the first step mentally and write down 
the product at once. It is most valuable that facility 
should be early acquired with these operations. 

(The student will learn afterwards that these laws hold 
good for any number of binomial factors: but at present 
he need not go beyond three factors. | 

§ 23. Consider the product of (a+b) and (a—b). It is 
a2—b2. Hence the product of the swm and difference of two 
quantities rs the difference of their squares. 


This is a particular case of the formula in § 21 given 
above ; and it is of the greatest use in algebra. 
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Examples: \. (8a— 4b) (8a + 4b) = 9a? — 16?. 
2. (1+ 2) (l—2) =1 — 2*. 
Nore.—A useful result derived from this is— 
(a2-+ab + b2)(a2—ab+b2)=(a2+b2)2— a2b2-a4-+a2b2+b4. 
Haample: (a? +a+1) (w?—a+1)—a* +2? +1. 
§ 24. Another particular case and no less important is 
(a+b)? =a2+b2+2ab. 
(a—b)2 =a2+b2—2ab. 


Hence :—The square of the sum of two quantities is equal to 
the sum of the squures of the quantities, together with twice 
their product. 


§ 25. Again by simple multiplication, or by the methods 
‘given above, we have— 


(a+b+e)2=a2+b2+c7+2ab+2ac+2be. 
(a—b—c)2=a2+4 b2+4 e2—2ab—2ac+2be. 
The square of the sum of several quantities 1s equal to the sum 


of the squares of each of the quantities, together with twice 
their product taken two and two every possible way. 


Haamples— 


Ll. (2a+ 3y +42)? =4a% + Oy? + 162? + L2ay+ 16a2+ 24yz. 
2. (Qe+ 3y—4z) 24m? + 9y* + 162% + 12ay— 16x2z—24yz. 
§ 26. Lastly, we have another important case :—- 
(a+b)3 =a3+b3+8ab (a+b). 
(a—b)3 =a3_ b3—Sab (a—b). 
The cube of the sum of two quantities is equal to the sum of 


the cubes of the quantities, together with three times thetr 
sum into their product. 
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Hzamples— , 
1, (22+ 3y)? =—82? + 27y8 + 18xy (2a + 3y 
= 8x5 + 27y*? + 36xr2y + S4ary?. 
2. (4m — 5n)*? = 64m3 — 125n? — 60mn (4m — 5n) 
= 64m — 125n? — 240m?2n+300mn*. 
§ 27. It is to be carefully noted that all the above 
results are quite general, that is true for all values of 
@, b; ©; and they are often useful also in arithmetic. 


EHxamples— 
1. 998?=(1000—2) * 1000000 + 4— 4000996004. 
2. 998x 1002=(1000—2) (1000 +2) =1000000—4=999996. 
3. (atb+c)?=(at+b)3 +c? +3(a+b)c(atbt+c) 
=a? +b? +3ab(a+b)+c8 +3c(atb)? +3c? (a+b) 

=a +b3 +3a?b+3ab? +c +3a2c+3b%c+6abet+3ac* +3bc? 
or=a* +b? +¢§ +3a?b6+3ab? +3a%c+3ac?+3b%e+3be2+6abe 
or=a? +b? +¢3 +3ab(a+b)+ 3ac(atc)+3be(b+c)+6abe. 


EXAMPLES ON CHAP. VIII. 


Multiplication at Sight. 
Exercise 26. 
Write down the product of — 
A. 1. (x+11) (2+ 9); also of (2 —6) (a + 4). 
2. (# + 3a) (a4 + 2b) (@ + 2c). 
3. (y+ 2m) (y—38m) (y—4m). 
4. (#—7) («—8) (#—9Q). 


1. (a + 6) (e + 8); also of (% + 3) (x —10). 
2. (2+ 4m) (2 + 2m) (a + 6m). 

3. (y + 3p) (y— 7p) (y—- 4p). 

4. (s— 2a) (s —2b) (s — 2c). 
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(y + 4) (y + 8) ; also of (y + 6) GS 1b. 
(p + 2q) (p + 37) (p + 48). 

(2 —c) (w— 7c) (#— 4c). 

(a—5) (a+ 6) (a— 7). 


Model Solution. 


Write down the product of (8a + 4y) (8a—6y) (8a + 5y). 
By Formula, the product 


= (8x)* + (4y —6y + 5y) (3x)? + £ 4y x ( —6y) + 4yx By 


+( — 6y)x Sy} x 8a +(4y) x ( — By) Gy) 


= 273 +8y x 9u2+ (— 24y? + 20y? — 30y2) x 8a — 12048 
= 2703 + 27"2y — 102cy2 — 120y?. Ans. 


Exercise 27. 


Write down the product of — 


A. 1. 
2. 


3. 
4. 


PON 


Powe 


(32 + dy)* ; also of (4a— 7y)*. 

(Sy —9) (Sy + 9); also of (Qa —3z) (27 + 3z). 
(1 + 2x + 3x*)?; also of (1 — 2a — 3n?)?. 

(2? + ay + y?) (2%? —ay + y?). 


(4a + 3b)?; also of (8m — 5n)?. 

(6a — 10d) (6a + 106); also of (8y —4c) (8y+ 4c). 
(1 + y + 2y*)? ; also of (1 —y— 2y?)?. 

(a* — ab + b*) (a? + a4 + b?). 


(Sy + 3x)? ; also of (8a — 4b)*. 

(3% — 4y) (3a + 4y) ; also of (5p — 29) (5p + 2g). 
(a? + 3a + 2)? ; also of (3u* — 3a—1)?.. 

(a? +a+1) (a*-—a +). 
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Model Solution. 


Write down the product of 
‘ (a? — 4a+4) x(a? +4a — 3). 
By Formula this is=a* — (4a — 34)? =a* —1a2+4a—4. Ans. 


Exercise 28. 
Write down the product of— 


A. 1. (22 + 3y)* ; also of (8a — 2y)?. 
2- (3m + 4n) (9m? — 12mn + 16n?); also of 
(1 + m) (m? —m + 1). 
3- (a* — ab) (a* + a3b + a*0?) ; also of 
(p— 9) (p* + pq + 9”). 
a (2 =") (a* — a7 + y*) ; alae of 
Gey?) a ey? 4°). 


B. 1. (4a + 26)’ ; also of (2a — 3c). 
(du + 3y) (25% — L5ay + 9y*); also of 
(a —1) (a? +a+1). 
3- (m* —p) (m* + m*p + p?); also of 
(3¢ — 2d) (9c? + 6cd + 4d*). 
4. (a* + 4b*) (a* —4a?b? + 16b*) ; also of 
ae Clap tp: )- 


C.1. (5a + 3x)? ; also of (3y— 4)$. 
2. (2p + 5q) (4p* — 10pq + 2597) ; also of 
(3p — 1) (9p* + 3p + 1). 
3. (4a? — 3) (16a* + 122? + 9); also of 
(3y? + 2) (9y* — 6y? + 4). 
4. (2+ 47) (4— 2Qy* + y*); also of 
(m? —1) (m* + m* +1). 
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Model Solution. 


Write down the product of— 
(a? —8ab) (a? + 8ab) (a8 + 9aeb? + 8latb*) 
This is =(a* —9a?b?2) (a® + 9a%b?2 + 8la‘tb*) 
which is an example of the form (a — b) (a? + ab + b?) 
where @ =a‘, and b = 9a?2b?, 


Hence product = a? — b? = (a*)® — (9a*b?)? 
=al2—729a°%b®. Ans. 


Chap. IX.—DIVISION AT SIGHT. 


§ 28. Itis obvious that the results we have given above 
for Multiplication at Sight may also be used for Division at 
Sight. 
Product — Multiplier = Multiplicand. 
Product + Multiplicand = Multiplier. 


Hence we have— 
(i) (2? + (a+ b)a+ ab) + (et a)—at+ 6. 
(ii) (x* + (a —b)a—-ab) + (w—b) =2ata. 
(iii) (2? —(a+ b)a+ab) + (w—a) =2x—b. 
(iv) (~? —(a +b) a+ ab) + (w— bd) = 2a— a. 
(Vv) (@* 9?) = (ee y) = at 9; 
(22 9 ya) 
(vi) (#* + 2ay+ y*?) + (at y—=aty. 
(vii) (a? —2Qay + y*) + (w—y) =a2— y. 
These results are of constant use in algebra. 
§ 29. Important results in Division of Binomials.- 
I. By ordinary division we find— 
(a? —y*) + (w—y) = 2? + ay ty’. 
(a* — y*) + (w—y) =a? + aty + ay® + y®. 
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Now if any number of such divisions be tried, the 
student will find that the following laws always hold :— 


(i) If the divisor is of the form X —y while the 
dividend is of the form x“— y*, where 0 is any integer 
odd or even, the quotient comes without any remainder. 


(ii) All terms of the quotient are positive. 


(iii) The quotient is ‘a homogeneous quantity of n—1 
dimensions, the power of X decreasing by unity and that 
of Y increasing by unity in each new term. 

II. Similarly, it will be found by ordinary division, that 

eee a) a eet ay) 
Oe eT) a ee ee ay 
QP 
TA ed kaa 
ORE ars y 


And any number of such divisions will always be found 
to obey the following laws :— 


(i) An expression of the form x"— y® is exactly 
divisible by X + y only if 0 is an even integer. 


Gi) The terms of the quotient are alternately + and —. 


Gii) The quotient is a homogeneous one of n—1 
dimensions, the powers of X and y following the same 
law as in the last case. 


III. In like manner we find by division that— 
igo) FAe ey) ee eye YP 
(x* + y*) + (w+ y) = a — wy + wy? —¥? + 
i, 
a+y 
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Here we see that 
(i) Any expression of the form x" + ya is exactly 
divisible by ¥ + y only if n is an odd integer. 
(ii) The terms of the quotient, as in last case, are + 
and — alternately. 


IV. Lastly we find by division that 
3 
(a? + y9) + (wy) = at + ay ty + SU 
(wt + y*)+(e@—y)=a® + a?y + ay? + y? + a 
Here we see that 
(i) An expression of the form X* + y® is never 
exactly divisible by X — y, but always leaves a remainder 
2y” 
oe : 
(ii) The terms of the quotient are all +. 


of the form 
x 


These results in division are of such importance that 
we shall give them summed up briefly, as follows :-— 

I. xt—yn ig always divisible exactly by x —Y; ifn 
is any integer ; and all terms of the quotient are +. 

II. x1—y" is exactly divisible by X + y only if 0 is 
an even integer; and the terms of the quotient are alter- 
nately + and —. 

III. x+y is exactly divisible by ¥+ Y only if 0 is 
an odd integer; and the terms of the quotient are alter- 
nately + and —. 


IV. x+y" ig never exactly divisible by ¥—y [but 


always leaves a remainder + ar |. 
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EXAMPLES ON CHAP. IX. 
Division at Sight. 
Exercise 29. 
Write down the quotient of— 
A- 1. 9a* — 4b? by 3a — 2b; 16a* — 9y? by 4a? + 3y. 
2. p*— 16 by p® — 2p? + 4p— 8; and $a* — 5, by 
3. v0 + ylO by aw + y*; and —< bys —-. 


4. 8lm* — 256n* by 3m — 4n. 


B. 1. 8la* — 36y* by 9u + 6y? ; and 25m* — 49n® by 


5m2 —7n>. 


l l Le ok 
2. a> —8l by a* —3; and— + — by—+ ~. 
Pots pe a 

; 1 ] l L 

3. em a Pend. 4.7 BY or as 


4. l6a*x* — 8léb*y* by 2ax — 3by. 


C. 1. 4m* — 9n* by 2m + 3n?’ ; and 36a° — 25b* by 
6a* — 5b*. 
2. «* — l6y* by x — 2y; and p* — 16q* 
by p* — 2p*q + 4pq* — 89°. 
3. m>*° — 8ln*® by m* — 3n*; and a?5 + 625 by 
B05 
4. p** —1 by p* — 1; and 2° + y?* by 2? + y*. 
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Model Solution. = 
Write down the quotient of a° — 64b® by a? + 2ab+ 46’. 
By Formula a° — 64b° = (a? — 8b*) (a?+8b?) 
== (a — 2b) X (a? 4+2ab+4b2) x (a? +85)’ 
Hence (a® — 640°) + (a? + 2ab + 4b?) =(a — 2b) x (a? + 8b°) 
=a — 2a2b + 8ab? —16b*. Ans- 


Exercise SO. 
Write down by inspection the quotient of — 
A. 1. 16x* + 36x%y? + Sly* by 40% + bay + Oy*. 
2. o+b3 —3ab+ lbyatobt+l. 
3. m8 + m+ lby m+—m’* + tI. 
A. mo+ m+ lby m+ m? + |. 


lL. at + 402d? + 16b* by a? — 2ab + Ab*. 
2. x? + 8y? + 1— bay by a+ 2y + 1. 

3. Gat + 402 + Lby 4a? + 2a + 1. 

4 x? + m3? + a3b? — 3abma by w+ m+ ab. 


C. 1. 256p* + 144p2q? + 8lq* by 16p* — l2pq + Te hg 
Pte a? 4+ y3 —G6ay + Sbywty + 2. 
ay eg “Be Slat + 9a* + 1 by 9a* — 3a + 1. 


| age Bagg — y> + 272% + Yayz by a—y + 32. 
x, f = @. wy 
** Modeb S6lutwon. 


¢ a ‘ oH Write down the quotient of — 
* eS faa ees : A ia 4+ 2792 + 64m? — 72p2qm by 2p* + Bq + 4m. 
so 4 Pa ice a example of the Formula. 
Rapti. Taeecs 3 3 
ates, RAM Rie Sl a Ail wi —3xyZ 2 
yh bilvnereants a Ree ee 2. es ed ——s 
rae erry x+y+z de ee fulton tet xy — xZ2—YyzZ 
where X =2p?, Y= 3q?, and Z = 4m. 
Hence quotient—(2p? )” +(34)° 4-(4m)?—( 2p? )(3q)—(2p* \(4m)}—(8q)(4m) 
4yp* + 9g? + 16m* — 6p?q—8p?m—1l2qm. ANS- 


t 
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Chap. X.—_FACTORISATION. 


§30. It is of the utmost importance in algebra that 
the student should learn to resolve a complex expression 
into its simple component factors and to be able to detect 
readily whether it is resolvable or not. For this purpose 
the rules of Multiplication and Division at Sight, as 
given above, are of the greatest use. 


§ 31. If we see by inspection that each of the terms 
of an expression contains a common factor, we get at once 
a, factor of the whole expression, which we may place out- 
side a bracket thus :-— 

axt+bx+ex=x(a+b+ec). 


Exercise SI. 


Resolve into factors— 


A. 1. 3a? — 1lda. B.1, 4a — 12a°. 
2. 4m* — 16m2— 8m. 2. 9u? —18u* + 27258, 
3. 9a5 — 3a? + 24a?. 3- 10p® + 15p* — 20p>. 


A. 5a%x3 —l5a3at+25a4x°,, 4+ 6a%s?+12a5a* — 18ata®, 


oh ad 


bs ® hii ; 
G1 6b" — 1807, eo N¢« 
zz 
2. 3a° —12at + 21a’. cae : : 
3. 7a8b% —2latb* — 35a5b8, 3 ¢ 
the 
4A. 5m*n*t —10mi*n®> + Ld5m> 


Model Solution. 


Resolve into factors— 
16p°q* —48p*q° + G4p*q?. 
Sincs 16, & p*, & q*, divide each term, it is evident that the 
expression = 16p*q* (p* —3q” + 4pq*), Ans. 
XLVIII A 
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§ 32. If an expression consist of four terms. which can 
be evidently arranged in two pairs, each pair containing 
gome common factor, we know that the expression must 
be the product of two binomials, thus :— 

ax + by +ay + bx=a(x+y)+b(x+y) 
=(a+b) (x+y). 
or we may of course say =x(a+b)+y(athb) 
=(x+y) (a+b). 
So ax— by + bx—ay=a(x—y) + b(x—y) 
=(a+b)(x—y). 

The following are examples, but practice alone will 
give the student proficiency :— 

1. Resolve 6Gau + 20b4 + 8ay + 15ba. We must take 
together terms which have some common factor : 
we cannot take them as they stand; re-arrang- 
ing we get 6aa + 8ay + 20by + 1dba which is 
clearly = 2a (3a + 4y) + 5b (4y + 3x) = (2a+ 56) 
(3a + 4y). 

2. Resolve 15a? — 28by + 20ab—2lay. Here itis not 
clear which two terms are to be taken together 
as there are three containing the letter a ; but as 
the term— 2lay has also the factor y which 
is found in the term— 28dy, it is likely that 
these two go together: we therefore try the 
arrangement 15a? + 20ab — 28by — 2lay. This 
gives 5a(3a + 4b) — 7y(4b + 3a), which shows a 
common factor is 8a + 4b; hence given expres- 
sion = (3a + 4b) (5a — 7y). 

Exercise 32. | 

Resolve into factors— 

A. 1. ac + 2bd + ad + 2be. | B.1. 2ax + by + ba + 2ay. 
2. x? —ma + 4a— 4m. 2. »? — 5a + aw — oa. 
3. yt + 2+ y® + 2y. 3. 8y3 + 5y? +5 + dy. © 

4. p*a? —bp?’—bq*+q?a*.| 4. 2ba®+ day? bay —2azy. 
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C.1. 3am + en + cm + 3an. 
2. 4a + 62 + ab + 4b. 
3. 2y* —2— y% + Ay. 


4. bay — acz— bz + acay. 


§ 33. Expression of the form x2+px+q-. 

If the third term 4 is the product of two factors @ and 
b and the co-efficient of the second term p is the sum of @ 
and b; then we know, by the rules of multiplication given 
above, that the expression is the product of two factors 
(x +a), (x+b), such that p=a+b, and gq =ahb. 


The two factors, numerical or literal, which multi- 
plied give q and added give p must be found by trial. 


The following are examples :— 

1. Resolver? + 12x + 32. We find by trial that 4 and 
8 multiplied give 32, and added give 12; hence we 
know that x? + 12% + 32=—(#+ 4) (@+ 8). 

29. Resolvex? + 9x +18. There are only two numbers 
3 and 6 which multiplied give + 18 and added 
give 9; hence #* + Qn + 18 = (a + 3) (wa + 4). 

3. Resolve 2? + ax (b+ c) + a?bc. Here Od = a* be, 


and p=ab+ac. Now clearly d= ab x ac. 
. given expression = (% + ab) (# + ac). 


§ 34. Expression of the form x2— px + q- 
Here if a=a x b, and p=atb, then the factors are 
(x—a)(x—b)- For example— 
1. Resolve 2? —10a+9. Herea= 9, and p=— 10 
= —(1 +9); and the factors are (2 — 1) (w—9). 
2. Resolve a? —(atb+c)utact bc. | 
Here gd =ac + be=c (a+b) andp=(atb) + ¢. 
. given expression = (x — c) (w —u+d). 
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Exercise 3S. 


Resolve into factors — ees 
A- 1. m* + 8m + 15. B. 1. p* + 8p + 12. 
2 4? + 1lOaw + 24a*. 2 n* —ldn + 50. 
3. y* — lly* + 30. 3- 2* + llaw? + 28a?. 
4. a* + 5a?b + 6b2. 4 co? + 12¢c+ 32. 
C. 1. a2 + l4e + 48. 
2. m* — 5m? + 4. 
3- a* —13ab + 30D?. 
4. a*b* — Vabc + 10c*. 


§3 5. Expression of the form x2+px—q or x2_px_q. 
It follows from simple multiplication that 

x2 — px —q=(x—a) (x +b), 

if a=ab, and —-p=—a+b, and a>b. 
But x2 + px —q=(x +a) (x—b), if a>b. 

If the third term is negative and is the product of two 
factors whose difference is the co-efficient of the second term, 
then the second terms of the binomial factors must be oppo- 
site in sign, and the sign of the middle term of the expression 
will be the sign of the greater of the second terms of the factors. 


Huamples.— 


1. Resolve #7 + 4% —12. Here we must find two fae- 
tors of — 12, of: opposite sign, whose sum = + 4, 
Try — 4and + 3; their sum is — 1; that will not 
do; try + 4 and —3; their sum is + 1; that will 
not do. Again try 2 and —6; their sum is — 4; 
that will not do; try —2 and + 6; their sum is 
+ 4. That must be what we want. 


~ ©? + 4e — 12 = (a@—2) (a + 6). 


bd 
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2. Resolve w% — (b—c) x— (a — b) (@—¢). 
Here 4 =(a—b) (a—c), and p= b—c : now (a—b)— 
(a—c)=c—b=—p. 
Hence given expression = (a + a—b) {a—(a—c) }- 


Exercise 34. 
Resolve into factors— 


A. 1. 24 + 15a? + 56. B. 1. a%?—lda + 54. 
2. 2% —7a— 44. 2. y* + Ty* — 30. 
3- 2* + aw — 42a’. 3. y? — 2aby —8a?b’. 
4. p* + 2om—1ldm?.| 4. m* + mnw—6n?2*. 


C. 1, a? —lla + 24. 
2. a®y*? + 3ay — 28. 
3. p? + pqu — 6q7a*. 
4. ma? + 3may — 54y*. 


§ 36. Expression of the form px? + qxy + ry’. 


If the co-efficient of x is not unity, the resolution becomes 
much more difficult. The reason will be seen if we consider 
the product of the two factors (aw + by) (c#+ dy), and also of 
the two factors (aw + dy) (cu + by). 

The first product is aca* + bdy? + (ad + bc) ay. 

The second product is acw? + bdy* + (ab + dc) ay. 

The first and third terms are the same in both cases, and 
are the products of the factors az, cx and by, dy respectively. 

But it depends on the co-efficient of xy whether aw and by 
are to be taken together or ax and dy are to be taken together 
for one factor. Now when the co-efficients of a?, of y*, and of 
ay are numbers, it is not clear from inspection how we shall 
group the terms for the required factors : we must simply 
find by trial what combination satisfies the co-efficient of ay. 
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Hence, if the given expression is px? + qxy+ ry2, where 
p—a x b, andr=c x d, we cannot say at once if the 
factors are (az + cy) (be + dy) or (aw + dy) (bz + cy). We 
must simply find by trial if d = ad + 6c or =ac + bd. 

For example take the expression 36%" + 77ay + 40y?. 


Here the factors of 36a? may be 4x and 92, and the factors 
of 40y? may be 8y and 5y: we must find by trial how these 
are to be associated 4a + a} Eo a + dy. 

9u + 5y 9x + 8y. 

By trial we see that4 x 8+9x 577. Hence the 
required factors are (4a + 5y) (9 + 8y). . 

But we might have taken 6z and 62, or 2a and 18zor a and 
36% as the factors of 36x? ; and we might have taken 
4y and 10y, or 2y and 20y, or y and 40y, as the factors of 40y?. 
If we please to try any of these combinations, we shall find 
that none of them will give 77 for the co-efficient of zy. 


§ 37. Expression of the form px? — qxy +ry2. 

If p =a x b, andr =c x d; then the factors must be 
(ax — cy) (bw — dy) or else (ax — dy) (bu — cy): we must 
find by trial whether q = (ad + bc), or = (ac + bd). 

Take for example 6%? — 4lay + 355%. 

The factors may be 3%— a ae \o ee: 

2a — Ty 2a — d5y. 

Both give the first and last terms, but neither gives the 
co-efficient of vy. 

The factors may be 2%—35y) 4, f2a—y. 

3a—y 3a — 35y. 

But this would give — 10?ay or—73zay for middle term, 
neither of which is correct. 

Again we oo try for the factors 


2a — 35y or dee 
6a— y Sot tasy! 


CHAP X.] FACTORISATION. 50 


The former gives —2llay, and the latter —4lay for 
the middle term. Hence the required factors are (7 — y) 
(6% — 35y). | 

§38. Expression of the form px2 + qxy —ry”. 

Suppose as before Pp =a x b, andr=c x d. 

By the rules of multiplication the factors have got 
opposite signs for their second terms. Hence they are of 
the form 

(am — cy) (bu + dy), or (aw + cy) (bu — dy), 
or (aw — dy) (ba + cy), or (aw + dy) (bu —cy). 
It is best to write these down in the eee way :— 


an HN or rA'p, 
bu dy an di 


and simply find by trial whether the difference of the pro- 
ducts ad and be, or the difference of the products bd and ac 
give q the co-efficient of ay, the + sign or — sign being 
given to the larger product according as the sign of 4 is + 
or —. 
Examples.—1. Resolve 6x? + 19ay — 36y’. 
The factors may be + 6y ) but this gives + 30ay for mid- 
6a— 6y dle term, which is wrong; 
or, the factors may be3u—6y) but this gives+ 6ay for mid- 
2a+ 6y dle term, which is wrong; 
or, the factors may be 3a+ 9y da— Ay. 
ay Neda 
By trial we find the latter gives + 19ay as middle term, 
which solves the problem. 
Hence the factors are :—(3% — 4y) (2% + Qy). 
2. Resolve 6a? — 19xay — 36y?. In the same way we 
may find the factors to be (3a + 4y) (2% — 9y), the 
— sign being so placed that the larger of the cross 
products is —. 
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The solution of such problems becomes a matter of 
considerable difficulty if the co-efficients of #* and y* are- 
large numbers, which admit of resolution into factors in 
many different ways. 

The same principles as those just given will however 
suffice in most cases to solve the problem, and by inspection 
we can readily see which factors are obviously unsuitable.. 


Exercise S35. 
Resolve into factors— 


A. 1. 2a? + 38a+4 1. B. 1. 3a? + 5a + 2. 
2. 3m? + 10m + 8. 2. 2m? + Om + 4. 
3- 3a? + 5a — 2. 3. 2x* — 5a — 12. 
4. 4? — 22% — 42. 4. 5a? — 34a — 48. 
C. 1. 2a* + 5a + 2. 
2. 3m? + 8m + 4 
3. 4a? —19%— 5, 
4. 32* — 8a—35 


Exercise 36. 
Resolve into factors— 


A. 1. 122? + 34a + 24. | B. 1. 6a? + 19a + 10, 
2. 15a? — 47a + 36. 2. 12m* — 34m + 24. 
3. 20a? + Yay — 18y?. 3- 20a? + 64ab — 21°. 
4. l4a* — 45ab—14b?. 4. 6m* + 5ay — 25y?, 


C. 1. 12y*? —27y + 28. 
2. 120% + 28a + 15. 
3. 352% + l3ax— 12a”, 
4. 33y? + 76yz — 3222. 
§ 39. The dittereneo of two squares can of course be: 
at once resolved into the product of the sum and difference: 
of two quantities; for 


a2 —b2 = (a — b) (a + b): 


cHaP. x. | FACTORISATION. Sy a 


Examples :—9au* — 16y* = (3% — 4y) (8a + 4y) ; 
Sla? — 1 = (9a — 1) (9% + 1). 

Note 1.—One or both of the squares may be compound 
quantities, and the formation for the whole expression 
may not be quite so obvious then. 

For example.—Resolve a? + b* — c? — d? + 2ab + 2cd. 
Re-arranged this becomes a? + 2ab + b* — (c?—2cd+d?*) 

1.€., (a+ b)?—(c—d)?. Hence the factors will be 
(at+b+c—d)(atb—crtd). 


2 
Note 2.— Since ay = z+) Ses é — i it is clear 


that the product of two factors may always be thrown into 
the shape of the difference of two squares. 

In other words, if a given expression can be thrown into 
two factors, zt 1s always possible to throw the given expression 
into the form of the difference of two squares. Sometimes 
adding and subtracting the same number or quantity 
enables us to see the two squares when otherwise they are 
not obvious. 

Hxamples.—1. Resolve 1? —2a%—8; by adding and 
subtracting 1, which cannot alter the given expression, it 
becomes 2* — 2x + 1 — 9, that is (2 — 1)* — 3’. Hence 
the factors are (w— 1+ 3) (x—1—83), that is (w + 2) 
(z— 4). 

2. Resolve #* — 10a? + 9. This is obviously 

=< at — 6a* + 9 — 4a? = (a* — 3)* — (22)? 
== (x* — 3 — 22) (w? —3 + 22) 
= (a— 3) (w + 1) (w@— 1) (a + 8). 
Exercise 37. 
Resolve into factors— 
A- 1. 9m? —25y?. 
2. 12la* —9b*. 
3. a* + b? —a? — Qay + 2ab— y’. 
4. 4a? — 2yz— 2* — y?. 
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B. 1. 36p? — 49q?. 
2. 9Ya* — 16D. ais 
3. m* + 4n? — ax? + 4mn. 
4. 4a? — l6c? + 8cd — 12ab + 9b? — d?. 
C. 4a? — 49b*. 


i 

2. 256y* — 252%. 

3. 1 + x% — 4a* — 9b? — 12ab + 2a. 

4. 4a? — y* — 2% + Qyz. 

Exercise 38. 
Resolve into factors and simplify— 

Al. (a+6)%—a?. B.1. a?—(b—a)?. 
2. (24b+¢)*—(23b—c)?.| 2. (5y+2z)?—(8y—z)*. 
3, (38a+7b)? —(2a—3b)*| 38. (40+3y)? —(8a—2y)*. 
4 (6u+5y)* —(S5a—4y)?,.) 4 (10a—4b+4+3)2— 

(9a—3b+8)*. 


(b + 3c)? — 4c?. 
9a? — (3a — 5b)?. 
(7a+ 6y)* — (4a — 3y)*. 
4. (2a — 3b + 1)? — (3a— 2b + 1)*. 
§ 40. All the formule given under Multiplication and 
Division by Inspection (Chapters VI, VII) are constantly 
of use for resolution into factors, thus— 
Q) x38+y3=(x+y) (x?-xy+y?). 
(2) x8-y3=(x-y) (x2+xy+y?). 
(3) x44 y4+x2y2=(x2+xy+y2) (x2-xy+y?). 
(4) x44+x241=(x2—x+1) (k2+x+)). 
(5) x8 —y8=(x+y) (x-y) (x2 +xy+y?) (x2-xy+y?). 
It is tc be noted that these formule are perfectly general; 
that is X and y may be anything. The following are exam- 


ye 
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ples of each of these five formule, which show how many 
cases they may apply to. 
(1) 8a3 + 2768 = (2a + 3b)(4a?—6ab + 9b*). HereX=2a, y=3b. 
(2) 12548 —1—=(5a—1) (2542 +5x+1). Herex=5a, y=1. 
(3) 16a4+ 81b* + 36a?b* =(4a? + 6ab + 9b?)( 4a? —6ab + 9b*). 
Here X = 2a, Y = 30. 
(4) 625m* + 25m? +1=(25m* —5m+1) (25m* +5m+1). 
Here X = 5m. 
(5) 64¢®—1—=(2c+1) (2c—1) (4c? +2c+1) (4c? —2c+1). 
Here X¥ = 2c, y = l. 
§ 4]. Other useful Formule are— 
1. x3 + y3+23-—3xyz=(K+y+2Z)(x7+y7+27-—xy—xz-yz). 
2. x3+y3+1-—3xy=(K¥+y+1)(K*+y7+1l-xy-x-y). 
Hxamples of these are— 
1. Sa + 27c3? + b? — 18abc = (2a + b + 3c) (4a? +b? 
+ 9c* — 2ab — 6ac — 33c). 


This comes under the first formula by putting 2a = Xx; 
4=Yy; and 3c=z. 


2. 125m? +8n3 +1—30mn = (5m+ 2n+1) (25m? + 4n* 
+ 1— 10mn — 5m — 2n). 
This is reducible to the second formula by putting 
DIN = x; 2n = y. 


Exercise 39. 


Resolve into factors— 
A.1l. 8c? — 27a. B. 1. 343a? +512. 
2. w? —216y%. 2. 1000xz° — 1. 
3. 16u*+36x2y2+8ly*.| 3. 8lat+225u?y* + 625y*. 
4. 625m*+25m? +1. 4. a®b'+a*b*+1. 
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C. 1. a® + 6403. cS 
2. 729%%y5 — 8a5. 
3. 256a* + l6y* + 64a? y?*. 
4. m)6yl6 + m8y8 + 1. 


Exercise 40, 
Resolve into two or more factors— 


A.1. 500a?b — 20b?. B. 1, #5 — 8x78, 
2. 5y* — ldy? — 90y?. 2. y2?+ 229 —a? —2yz. 
3- 240% — 4a? — 4n*. 3. 45a7y% — 30ay? — 
4. 8m* —32m3 —24m? + 96m. 60a" y+ 40ay. 
4. 6p* —12p* — lip*® 
+ 30p. 


b%y8 — l6c*y?. | 

14a2b? — 35a' b? + 14a*b. 
20a*b + 18a*b* — 18a?b3. 
4m*t —8m* + 24m? — 48m. 


ee 


Exercise 41. 
Resolve into two or more factors— 
A. 1. «3 —(a—b +c) a? — (ab—ac + be) « + abe. 
2. a? —4a? — lla + 30. 
3. athb—a?b? —a*b? + ab*. 
4. (uw? + y* — 22)? —4a?y’, 


y> + (a —b —c) y* — (ab — ac + bc) y — abe. 
a> — 2x? — 3la — 28. 

244076? — 30ab3 — 360%. 

a* —b* + 2b (a? + b)* — (a + 6)? (a —8)?. 


PON & 
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Cl 2% + (a+ b—c) 2? + (ab—ac— be)z — ach. 
2. y3 —8y? + 4y + 48. 
3. Sauty* — day, 
4 (1+ 2)? (1+ 2%)—(1+4+ 2)? (1 + 2%). 
Chap. XI—THE GREATEST COMMON 
MEASURE. | | 

§ 42. The Greatest Common Measure (G.C.M.) 
of two or more algebraical quantities is their Greatest 
Common Divisor, or Factor of Highest Degree; 
and the terms Highest Common Factor (H.C.F.) or 
Greatest Common Divisor (G.C.D.) are often used 
instead of the older terms G-C.M. 

§43. The algebraic G.C.M. is not necessarily the 
arithmetical G.C.M. 

Two algebraic expressions may have no common factor 
algebraically, yet their arithmetical equivalents for any 
special values of the letter or letters involved may have a 
common factor. For example a — 2 and w+ 2 have no 
common factor algebraically, yet if we put a= 4, they 
become 2 and 6 which have the common factor 2; and if 
we put x = 10, they become 8 and 12 respectively, which 
have the common factor 4. So, again, s—y and # + y 
have no common divisor or algebraic measure, but for 
particular numerical values of w and y, they may have an 
arithmetical common measure. Thus, put «—9, y= 7, 
and they become 2 and 16 with 2 for G.C.M.; put «= 10, 

= 6, and they become 4 and 16, with 4 for G.C.M.; put 
a ==21, y=9,and they become 12 and 30, with 6 for 
G.C.M., and so on. 

It follows clearly from this that the arithmetical values 
of the algebraic G.C.M. of any two expressions may not 
be the numerical G.C.M., of the arithmetical values of the 


62 ALGEBRA. [CHAP, XI. 


two given expressions. Thus the greatest_common alge- 
braic factor of 34° — 4a* — 3a— 2 (A) and Qa? + 3a? — 
5% — 18 (B) is found tobe a—2. Butif we put # = 4, 
the numerical equivalents of (A) and (B) are 1l4and 138, 
whose G.C.M. is 6; whereas if we puta— 4, the alge- 
braical G.C.M. a — 2 becomes = 2, 

In the same way one expression may be greater alge- 
braically, that is of higher degree, than another, but it is 
not necessarily greater arithmetically for special numeri- 
eal values of the letters involved. 


§ 44. To find the G.C.M. by Inspection. 

This can always be done in the case of monomials; for 
we have only to look what numbers and letters are com- 
mon to the two or more given expressions, e.g., 27a5b*c*, 
36a°5*c*, and 45a6°c> : the G.C.M. is obviously 9a6%c?. 

Again for polynomials this method should always be 
adopted af the given eapressions can be resolved into factors 
by inspection, e.g.. the G.C.M. of 3a — 3y?, 12a* — 12y*, 
and 27° — 27y°, is 3 (w— y). 

If the student is expert at factorisation, it will save much 
time and trouble to use the method of inspection as much 
as possible. The student should therefore remember that— 


Thegreatest common measure, factor, or divisor (G-C.M., 
G.C.F., or G-C.D.) of two or more expressions is to be 
determined by inspection, in every case when the expres- 
sions can be resolved into factors by inspection. 


Exercise 42. 
Find, by inspection, the G-C.M. of— 
A. 1. 34a%a% y* and 5lata?y?, 


2. 1da*6%c* and 12a*bc?. 
3: 2Zlatba>, 28053 ca? and 35a7b?cx‘*. 
4. 21w>y>z, 27a? y*23 and 2datyzs, 
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B. 1. 


39m? n®a* and 52m*n?a5. 

49n* yz? and 63a°y? z+. 
18p%q*s°, 27p*q?s° and 36p*qs°. 
12a5y? 24, 20x%yz> and 16a*y*z°. 


64ay*z? and 80x? y%2>. 

35b7c? d and 426% c?d?. 

15a3b*c, 25ab*? c* and 35a*b*c?. 
20a*b5a?, 1ld5a5da° and 30a? b*x°. 


Exercise 43. 
Find, by inspection, the G.C.M. of— 


A. l. 


2? + xyand w* — y’. 

a® + a®b and a® + 6%. 

a*yz + wy*z and a*y — y®. 

6a? + w—2 and 12a? —a— 6. 


(a + 6)? and a? — 6?. 
wey — xy® and ay? — x7y>. 
m* + 8n? and m? + mn— 2n?. 


6y* — 3y — 9 and 8y* — 18. 


w* — 4y* and a? + 2ay. 
6a* — Yad and 4a* — 967. 


-y* + 3y + 2 and y* — 4. 


12a? + 13a — 4 and 12a? — 19a + 4. 


Exercise 44. 


Find, by inspection, or resolution into factors, the 
G.C-M. of— 
A- 1. 2a? +5a— 3, 2a7+7a+3 and 3a74+11a+6. 
2. Qy? + 9y+4, 2y* +1lly+5 and 2y* -— 3y— 2. 
3. a*b (b*—c?), ab (6% + 3bc+ 2c?) and a*(b?—bc—2c*), 
4. 2%*% — 1la+5, 3u* — l6a+5 and 4a? —19%—5, 
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2x® —a— 6, 2u%*+5a+3 and 40% +4e—3. 

. 3a*+8a3+ 40?,3a°+ lla*t + 603 and 3a*=16a' —12a*. 
» 3a2—VZab+24?, 3a? —4ab—4b* and 2a*—ab—6b*. 
- 6y? (y*—2y?—38), 6y*® (y*—5y? +6), Oy (y*—4y? +3). 


PO ND 


. By? + 10y— 8, 12y* + 7y — 10 and 6y? + 2y — 4. 

- ay? +2a%y+a?, 2ay2—4a*%y—6a?* and 3 (ay+a? )? 

» 02—ay—Gy*, a? + ay—l2y* and 2? +3xy—l8y?. 

- 23 — 10a? + 27a—18, w® — 122? + 41a—30 and 
a3 — 14a* + 55a — 42. 


Pon 


Model Solution. 


Find, by inspection, or resolution into factors, the G.C.M. of 
Gary (aey — cy? + 2% -—y), Bury? (a? —y — a? yt+ y*) 
and 6x23 y? (#3? —ay—aw2y2 +3). 

Evidently 6”2y divides each factor outside the brackets, and is 
therefore one factor of the required G.C.M. 

Also ay — xy? + 2? —y = ay(a? —y) + 2° —y = (ay +1) (a? —y) 
and #2 — y — ay + y® =(#? —y)—y (x? —y) =(1—y) (a? —y) 
and #? — sy—x*y? +y% =a (12 —y)—y* (* —y)=(@—-y") (@* —y). 
From this we see that «2 —y is the only other common factor. 
Hence the G.C.M. required is 6a7y («?—y). Ans. 

§ 45. G.C.M. of two complex Polynomials. 

If the given algebraical expressions are not simple 
enough to be at once factorised, then a method similar to 
the arithmetical method of finding the G.C.M. is employed. 
The method may be summarised as follows :— 

Divide the greater quantity (7.e., the one with highest 
index of the principal letter) by the less: then divide the 
former divisor by the remainder; and go on in this way 
till the division comes without any remainder. Then the 
last divisor in the process is the G-C-M. of the two given 
expressions. 

Illustrative Examples are given in Exercises 45—47. 
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The reason for this process depends on the simple fact 
that whatever divides‘each of two quantities A and B; must 
also divide the sum or the difference of those quantities - 
and must also divide the sum or difference of any multiples 
of those quantities. For if #18 & common divisor of A and 
B, and if A —= me, and B=nz; then it ig obvious that 

At B=me+ nex—=a(m +n), 

Also pA + ¢B = pma + qne = 2 (pm + gn.) 

§46. The Introduction or Exclusion of Factors. 

There is often a great saving of labour if we multiply or 
divide the remainder at any stage of the operation by some 
factor which will make the division come exactly for the 


Model Solution of Exercise 45 we have excluded the factor 5 
from the remainder at one stage of the process, and the 
factor 47 at another ; but neither of these ig any factor of the 


Solution to Exercise 47, we introduce the factor 3 on two 
different occasions and exclude the factor 10 on another, 
Exercise 4.5. 
Find, by the ordinary method, the G.C.M. of -— 
A. 1. 60% + Big + 99 and 3a? + 57%q + 144, 
2. 36y* + 96y — 36 and 28y* + LOOy + 48. 
3 ab -— 5a? 4 542 — land a* + a? — 4, +ta+l, 
4. 1823 —1827y + 6ry?—6y3 and 604? —75 x74 liy*. 


XLVIII 
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Sy? + 58y + 77 and 6y? + 55y +176. 

63a% + 1440 — 45 and 54a” — 638a+ 15. 

ys +4y? +16 andy? + yt—2Qy? + 17y? — Oy + 20. 
6yt + 29x? y* + 9a" and 3y3 — lay? +a? y — 5a. 


Beco ES 


12b2 — 15b — 63 and 8b* + 74b + 105. 
Su% + 15a—72 and 4a* + 92” + 480. 
a? — 6a* + 9a?— 4and ao + a5 — 2a* +8a?—a—z. 
2p? + 10p? + 14p + 6 and p? + p? + tp + 39. 


Pow at 


Model Solution. 


Find, by the ordinary rule, the G.C.M. of 6a° + 7a? — 29a + 12 
and 1202 — 22a? + 23a — 20. 


6a? + 722 — 29a + 12 1202 — 2202 + 23a — 20 Bees 
6 122? + 1402 — 58" + 24 
—w | B6x° + 4202 —174a + 72 ~ — 86x? + Bla — 44 
2623 — Sla? + 442 | 
a3 12302 — 2182 + 72 
1082 — 243a + 132 
24 25a — 
et — 36x22 — 60a + 144 Ex 
47 1412 — 188 
x 8a2 — 4x 82 — 4 
3 On — 12 
9x — 12 


Hence, the required G.C.M. is 837 —4. Ams. 


Exercise 46. 
Find, by the ordinary method, the G.C.M. of—— 
Bole 3° + a% — 10a + 8 and a° 4 9a? —130-4 10; 
9. b3 + 4b? — db — 20 and b° + 6b? — 5b — 30. 
3. Qy? + 4y? — Ty — 14.and 6y? — 10y* + 2ly +35. 
4. 23 + ldaa% + 50a%e + 70° and a* + 6aa— 7a’. 


B. 1. y? — by? — 86y + 35 and y3 — 5y* —99y+ 40. 
344 —3a?—2a?—a—1 and 6a4—3a? —a?—a—I1. 


bo 
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3 yr—ytty3+ 2y”—6y—4 and yr —yt+ y8—2Qy2— dy, 


4. 2x* —4a3 +82%- 12946 and 3x4 —3a3—622+927—3, 
Cel. 9 +35 — 85 24 and 53 + 2s? — 85 — 16, 
2. 2b4 — 203 + 6? +33 6 ang 4b* — 2b3 +349, 
3. 6x5 + 132*%y — Jay? —10y? and 9¢% + l2a%y 
— Llay* — 10,3, 
4. Gy? + 16y2— l2y + 2and ld5y? —= 5y7 + 12y—4, 


Model Solution, 


Find, by the usual rule, the G.C.M. of 223 —7_2 — 462 — 2] 
and 2@* + 1123 — 1372 — 992 — 45, 
20° —7a? — 462 —21 2a*+11e?—13822— 99x — 45) a 
2a4— 723 —46e2—~ 215 
182° + 33x2— 78¢— 45] 9 
1823 —638a2 — 4149 —189 
48 )96z? + 3364 144 


@ | 22° + 7x? + 8a Qn2 4 Tt+ 8 
=) —14s°—492—31 
— 142? — 492 —2] 


Hence, required G.C.M. is 22°+72+3 Ans. 


§ 47. G.C.M. of three or more expressions. 


The algebraic method is just like the arithmetical] one. 
We first find the G.C.M. of any two; then the G.C.M. of 
this G.C.M. so found and the third expression ; and go on 
for any number. The last G.C.M. so found igs of course 
the G.C.M. of all the given expressions. 

Exercise 47, 
find, by the ordinary method, the G.C.M. of— 
A- 1. 93+78—g— 7, a3 +503 —qg—5 and a?—29+41, 
2 y? — dy? 4 9y — 10, y> + 2y* — 3y + 20 
and y® + 5y2 — 9y + 35. 
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3 12a? + fay — 10y?, 15x? + 2ey— 8y* 
and 15a* + Say —Wy?%. 

4. 62* +32 —14a2—4e+8, 3a* + 62? + 2u%?—8ar—8 
and 9a* — 3a% — 6x? — 4a — 8. 


B. 1. ga? —a? —a+1, 3a? —2a—I1 and 2? —a?+a—L. 
2. a’ —7a? + 16a — 12, 3a* — 14a? + 16a 
and 5a? — 10a? + 7a — 14. 
3. y? + y— 30, y* + Lly + 30 and y? — y — 42. 
4. 62° — 5a? — 8a + 3, 82° — 6a? — lla+3 
and 4a? — lla + 3. 


CG. 1. a’+4a? —5, a? —3a+2 and a? +4a? —8a +3. 
2. w* + ay + y?, w + Qu2y + Bary? + y? 
and: at + w?y? + y*. 
3. x? + wry + ay? + ange a3 + ou y a 3ay* } y? 
and w* + a?y — ay? —y°. 
A. »t—9x? +29a2—39a%+18, 4a°—27a? + 58a—39 
and «#* — 8a? + 19% — 12. 


Model Solution. 
Find the G.C.M. of 3a? — a? — 4a + 10, 603 + 7a? +a+10 
and 3a° + lla? + 4a — 10. 
First find the G.C.M. of the first two expressions. 


3a3 —a? —4a +10 6a? + 7a? + a + 10 2 
3 6a? — 2a? — 8a + 20 
a | 9a? —8a2—12a+ 30 9a2 + Ja—10 


9a? + 9a? —10a 
— 12a? —2a +30 
3 
4 ba? — 60 00 
— 36a? —386a + 40 
ie" TO jaa weO wen at 9a? + ld5a 3a 
ce eoigeT mys, Ga. we ae 


8a+ 5 
. SLIP 
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We find it to be 3a + 6, 
Taking 38a + 5 and 8a* + lla? + 4a — 10, we find 
3a° + lla? + 4a—10| 38a +65 


3a? + 5a? a8, + Sa —2 
6a2 + 4a 
6a? + 10a 
— 6a—10 
— 6a—10 


or 3a + 5 is a divisor of ths 3rd expression: 
Hence the G.C.M. of the three given expressions is 3a + 5. AnS.. 


Chap. XII.—LEAST COMMON MULTIPLE. 


§ 48. Definition of L.C-M. The Algebraical Least 
Common Multiple (L.C.M.) of two or more quantities is 
the smallest expression that contains each of the given 
quantities exactly. The same remarks apply here that 
we made under G.C.M. as to the arithmetical value of the 
L.C.M. not necessarily being the L.C.M. of the arithmet- 
ical values of the given expressions for any particular 
values of the letters involved. 


§ 49. To find the L.C.M. by Inspection. Whenever 
it is possible, we should find the L.C.M. by Inspection— 
and always for Monomials. 


For the Least Common Multiple of [or smallest quantity 
that can be divided by each of | two or more quantities is 
obviously that which contains all the factors that occur 
in all the quantities but with none of them repeated un- 
necessarily. Hence if the given quantities can be easily 
resolved by inspection, we write down all their component 
factors, and then select each factor that occurs, taking 
care to repeat it as often only as it is repeated in any one of 
the expressions. The produet of these factors is the L.C.M. 


70 ALGEBRA. [ CHAP. XI#. 


Thus let P, Q, R be the three given expressions whose 
L.C.M. is wanted; suppose P to contain-the elementary 
factors A, B, C; Q the elementary factors B, C, D; and 
R the elementary factors C, D, H; then clearly the L.C.M. 
of P, Q, and R willbe Ax Bx Cx Dx E. 


Exercise 48. 
Find, by inspection, the L.C.M. of— 
A. 1. 4a? bc, 5ab? c3, 6a be?. B. 1. 5a*y, Gay?, 3a? y?. 
2: 2ry, 3x7 y, 4ay>, Bur y?. 2- 3a?, 4b?, 6ab>. 
3. 17mn"p, 34m5n, 51n? p>. 3. 29abc, 58a? b, 87abc?. 
4. A9abc*, 21a2b2c, 56a3bc?.| 4 13m3n4, 39min3, 52m2n. 


3a?2b?, 2aé, 4a7b*. 


C. 1. 
2. Qxy?, 3a?y, 4asy*, Oxty®. 
3. 30abe, 45bcd?, 60a? bs d. 
4. 


72m? y32%, 36a5 y? 22, L08ryz4. 


Model Solution. 
Find, by inspection, the y.C.M. of— 
4a2y2, 6uy®z*, Gar yz?, 12ety2*. 
Evidently the L,C.M. of the numerical co-efficients is 12, of the = 
‘factors is «*, of the y factors is y*, of the z factors is 2*. 
Hence the L.C.M. required is 12a*y*z*, Ans. 


Exercise 49. 
Find, by inspection, the L-C.M. of — 
A. 1. 82% — l6ay and a? — 4ay + 4y?. 
2. 6 (a® + ab), 8 (ab — 6?) and 10 (a? — b?). 
3. m2+m— 42, m* —11m+30 and m? + 2m — 35. 
4. 5a? + 16a + 3, 5a? + lla+ 2 and a* + 54+ 6. 
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B. 1. 6a*b + 6ab2 and 9a% — 9ab?. 

2 w? + 4a + 3, w® + 32 — 3 and xt — 1. 

3. 2a? + 3a + 1, 2a? + 5a + 2 and a? + 38a + 2. 
4 


2p? + 15¢ —8, 2p* + 3p —2andp? + 10p + 16. 


C. 1. (%—y)* and 2? — y3, 
2. a — xy, x — wy? and a + y. 
3: dy? + lly + 6, 3y* + 8y + 4 and y? + 5y + 6. 
4. 3b? — 136 + 14, 3b* —} — 14, and 3% — 4, 


Model Solution. 
Find, by inspection, the L.C.M. of— 
12a? + 32—42, 12”° + 8022+12@ and 3272 —40xc —28. 

Resolving into factors we have— 

(i) 120? +80—42=8 (4a? + @—14)=8 (40 —7) (w +2). 

(ii) 120% + 80x? + 120 =6n (2x? + 5x +2)=6n (2x +1) (a +2), 

(iii) 32°40 —28 =4 (8a? —102—7) =4 (4a —7) (20 +1). 

Hence the L..C.M. required must contain the factors, 

3, 62, 4, 4a—7, 27 +2, and 2a+1 

and .°, =122 (4a —7) (+2) (2%-+1). Ans. 

§50. To find the L.C.M. of two or more complex 
expressions. 

If the resolution of the given expressions into factors . 
cannot be effected by mere inspection; we must then have 
recourse to the method of finding the G.C.M. (or greatest 
common factor) as given above. 


This will enable us to find the other factors of the given 
expressions: and then, as before, we have to select each 
factor that occurs in each expression,’ taking care not to 
repeat it oftener than it occurs in any one of the given 
expressions, 


The product of all these selected factors is the required 
L.C.M. 
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Exercise 50. ica 
Find, by the usual method, the L.C.M.-of— 


Kit:. 


A. 1. 2a4—7a3+13a2—10a+8 and 3a4—8a3+7a2+10a—8. 


2. 6a*+82°+ l5a?+8a —5 and 12a4++ 13a3—i62% 
— 8a + 5. 
3. 2at*+a* — 20a? — 7a+24 and 2a*+8a? — 13q% 
—7fa+ 15. 
4. 22° + lle? + 23x + 20, 22% + 9a* + 16a + 15, 
and 23 + 7a? + 9a + 10. 


- 1 Bytt+y> —2y? +5y—s and 6y4—7y3 + Lly’—5y43. 
2- 4a4*+ 7a — 15a?+10a — 12 and 8a4+ 2a? +29a* 
—3a+ 18. 
3-  6a* + 33ay + l5y* and 3a*y? + l4ay3 — d5y*. 
4 2a* —a?+5a? — 3a — 3, 2a*+0°3+4a?+3a—6 
and 3a* — a? + lla* —3u + 6. 


~ Ll. 2a4+5a3—8a2—1lat l2and 224+ 7¢3—5a2—14a4+8. 
2. 6a? + 38a — 28 and 27a° + 27a? — 30a. 
3. 2y* — dy? +y? + 23y — 80 and 6y* — 20y? +39y* 
— 19y+ 15. 
4. 30° —a* + a+ 2, 328 — 6a® + 6x—3 
and 3a° — Ga? + 9x — 6. 


' Model Solution. 
Find, by the rule, the L.C.M. of 6”3 —1822—18x7+30 


and 8%°-+382?+592-+30. 


823 -+-3822+59x2+ 30 62° — 13”22— 132+80 
62° — 1322 —182+380 
- ©)205+6le2+ 720 


207-+5la +72 
6x? + 15802 + 216% 3a" 

— 16622 — 2297+ 30\—88 

— 16622 — 423382 — 5976 


2002 )4004a + 6006 
Se 22 +3 


242+3e2 


482 +72 
48a +72 
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Hence, G.C.M. of the two expressions is 2x + 3. 

Algo, by simple division, 
Ist expn. =(22 + 3) x (4x? + 13x” + 10). 
2nd expn. =(2«” + 3) x (38% — liz + 10). 

Hence, required Lb.C.M. = (22 + 3) (4a? + 18a + 10) (82° 
—llz +10). Ans. 

§ 51. The following method is sometimes given for finding 
the L.C.M. of two expressions. Divide the product of 
the two given expressions by theirG.C.M. It is easy 
to see that this agrees with the other method. For if d 
be the G.C.M. of two quantities A and B, suppose A=pd, 
and B=qd. Then Pp and q have of course no common 
factor: hence, by last method, L.C.M. of A and B=pqd. 

But this = pd x qd+d,ie., Ax B+d. 

The student is, however, recommended to use the method 
of selection of factors as explained above in § 50 rather 
than this method. 


Chap. XIII.—FRACTIONS. 


§ 52. Algebraical fractions are treated by methods 
identical with those employed in arithmetic. Hence, it 
is unnecessary to do more than summarise them. 

§ 53. To reduce a fraction to lowest terms. 

If the numerator and denominator can, by inspection, 
be resolved into their elementary factors, then by inspec- 
tion we may strike out all factors common to both. 

Otherwise, we find the G-C.M. of numerator and de- 
nominator, and divide each by that. 

The following are examples :— 

Reduce to lowest terms the following :— 
fees 2 rae 
©) ee ra ond (2) ° = : i 
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(1) It is clear that for the first fraction 3x*y* z° is the - 
greatest common divisor of numerator and=denominator ; 
3x 
By 2?" 

(2) As the greatest common divisor of the numerator 
and denominator of the second fraction is not obvious, we 
find it by the ordinary rule for G.C.M. thus :— 


l x? —5a* + T7a—31 2% —38e +2 


Ans. 


dividing by this, we get 


x — 382+ 2 
Toi) ee LOz — 5 te 
w* —2e +1 w? — 4g? + » @ 
Ye? —4e +2 |42 


2u? —4a + 2 
Hence it is 2 — 2x + 1. 
Dividing numerator and denominator by this, we have 


33 — 5a? + 7a— 3) a— 38 
22 sy be ee le : ; 
5 ee a? — sy +2 a+2 Ane 


Exercise 5l, 
Reduce to lowest terms the following fractions :— 
Oy clic ce a 
Gatyz>  l4a*bie 
a* — 2ah? _ (mn — 3n*)? 
a* — 4a? b* + 464’? m3n* —27n* 
27% + x* 
18a — 6a? + 2x3" 
2? y? — 16y? 
ay + Yay + 20y 


2lab*c 35m np? 

28a? bc?’ 49m?n* p? 
3a* + 6a | a®b + 2a2b + 4ab 

a? + 4a + 4’ a’ —8§ 
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3m? + 23m + 14 

3m? + 41m + 26° 

3x* + Our y + 62% y? 
a* + gy — 2e2y* © 


3. 


4. 


l0aba? = 14a? yz* 
15a2be’ Qlaty2z 
AP Ol eh ee pee ar ay ee 
3a3 + 7a—10’ 2 + Baty + Bay? + Qy?” 
da? —3a74 + ay? — y3 
An? —5ay+y? — 
ee SUE ieee 
'  m>? + m?—10m+8 — 


§ 54. To reduce a mixed quantity to a fractional 
form. 


2. 


3. 


We have only to multiply up by the denominator as in 
arithmetic and simplify thus: a +2 et a0 12. 


For example— 
6a* — 
l—a* 


Reduce to a purely fractional form 1 + 4a? + 


Proceeding as in arithmetic, we have 
(1-F 4a*) (1 —2*) + Ga* 1 + 3a* — 4a* + Gat 
1] — x? i ] — x? ; 
< 14+ a7 + 2a* 
hoe 1 — 2? 
Exercise 52, 
Reduce to purely fractional form the following mixed 
quantities :— 


-. Ans 


A. 1. 2a —1. and 40 + 2. 
») Yy 
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2. ot Brea ge eee 
5 3 
2ab — b? 
fe Oe CTA 
ORD Ses 
4. uty ON 


B. 1. 3m —* ond by 


Qay — y? 
Sg Oe and bee ee 
eon utes am are oY 
@ 
Cy ka et ea 
4 Ait L+a 
bac ve. he 
A at ee 
7] =r any 
CL: Pye? ad tee ©, 
4. a 
2 
2. oy — Sy + By" 5 and 6x — UE *. 
An? 
| oe Aan? — 2 
3. 3a + 4a it 
Abe 
ad) ellans Gilat nS 
ee te at+b—c 


§ 55. To reduce an improper fraction to a mixed. 
quantity. 

As in arithmetic we simply divide numerator by denom- 
inator thus :— 


ax+b_, b 
x 


ee 


An algebraic fraction is improper if the power of w, or of 
the leading letter, in the numerator is as high as, or higher 
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than, that in the denominator: in other words, if the 
dimensions of the numerator be equal to, or greater than, 
those of the denominator. 
For example — 

4a* —1Oax + 4a? 

2a + 2 4 
2a + 2 
2a — 6a 


Reduce to the form of a mixed quantity 


Dividing we get 4a? + l0aw + 4a°* ( 


4a* + ax 
—l]2ax+ 4a* 
— ]12aa— 62? 
+ 10x? 


10a? 
2a — 6a + rere Ans 
Exercise 5S. 


Reduce the following fractions to the form of mixed 


quantities :— 
8a? + d5ab Im? + 3mn 
A. ie ly ae B. 1. igh s: Pe ors 
9 4a? — 10ax + 3x? 2 4a? — 12ax + 3a? 
: 2a : : 2a — 3m, : 
3 7a? + 627 y 3 6a2a — 5ax* + 4a% 
"wt + ay é 2a — w : 
at -- 2" ai ea 
coal +a sat l+y 
o. 3, teat + Sey ty” gts oe ee 
3m a—2 
19ax — 6a? a? 
2. aes 4, eres 


§ 56. To reduce fractions to the Least Common 
Denominator. . 
We proceed as in arithmetic, that is, we find the L.C.M. 


of all the denominators; we put this for the common 
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denominator ; we divide this in succession. by each frac- 
tion-denominator and multiply the Stato ae oe the corre- 
sponding numerator : thus, 
a ad ft 
be’ ce’ eg 
aeg, dbg, fbe foc 
beeg 
For example—reduce to L.C.D. and add 
Ba + 5b , 4a4+ 3c . 3h + 4c 
ape ee a aa | 
The L.C.M. of the denominators is 12aéc: hence we 
shall have :— 
Given expression 
_ 8¢ (Ba + 5b) + 46 (44 + 3c) + 3a (3b + eae 
12aoc 
__ 18a¢ + 30éc + 16a4 + 12be + 9ob + l2ac 
12abc 
25ab + 30ac + 42b¢ 


uy eet 


Exercise 54. 
Reduce the following to common denominators and add :— 


will become, if b, ¢, e, g are elementary 


factors, 


ee a+ Sa et 
A. 1. 9 ee Te 10” 
Sa— 1 , Qwa—3 . 4a—7 
2. 4 Ure + Tau 
3. Bu + 2y , 4a—6z , Sy— dz 
ay Bz yz 
a+3 ,a%?—6 , 9— 4a? 
4. oa Tae tran 
yt6 , ytd, 3y—7 
B. 1. aa Biter AUC as ree 
a ety te 


14, Be (oy 
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2a+3b eee 0 a 26+5¢ 


3. 


ab ac be 
3Sn+1 4m2—1 3—ms3 
4. re ore ae 
m m m 
a™—5§ aw—4 49 
Cc. 1 ue aaa rome 
2y—5 S3y—7 S5y+ 12 
Pa A gpk Gato 
per Y QT OT 
a nq. + 3qr dor 
*+6 322—4 5 — 92x38 
os x a5 2a? a 3a? 


§57. To add or subtract fractions. - 

We proceed as in arithmetic and reduce to equivalent 
fractions with least common denominator, and add or 
subtract the numerators. 

For example :— 

Add and reduce to its simplest form— 
3 l a—z2 
8(a— a) T 8+ 2) * 8a? + a)’ 
Adding the first two fractions first, we get 
da+ duta—z@ 4a + 2a 


8(a* —w*) ~ 8(a? — — a?) 
Adding ee to this, we get 


(4a+ 22) (a? +27)+(a—2) (a2 —2?) 
8(a* — a?) (a* +2”) 
4a? + 4ax* + 2a*a + 2a3 + a3 —a2z7 — az? + 93 
a $(a* — a*) 
__ 5a* + 3au? + ara + ae 
beh Sas — 2*) 


ADs. 


80 
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Exercise 55. — 
Add, and reduce to simplest form— 


A. 1. 


2. 


3. 


A. 


at2 a+3 
a+3'a—4 
ata «—a %?—a’? 
x2—a eta e+ a® 

4, 7 > 
fo eae ag 

Lo Ls 6 

a 10a + 21 a 4 Ow 14 aw + Oat 6 


ee Om: 
oS ae 

a y n? — y? 
cy ey ee 
7 3 9 
a a sO Bae 


By 2a + oy 
oT oy t or ay ae Ge 


9 
ig? 4 Be 3 | Ge? + Tw — 3 Ge* +e—l 


‘Exercise 56. 
Find the value of— 


x. ak 


2. 


a+3 a+2 
at4 ats 
29a— 3 2u—A 
ROO arial « (ea 
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a+ 2y w—2y Say 


-: %— By + By +(e — By)* 
A 8 8 4 
' 3—62 34 6a 3— 10a" 
4m? +n? %Wm—n 
et 4m* —n? ~~ 2m + n 
2 ] a+b 
a — 8b 4a — O58 
3. a ccs. Teel 
Yz Hz y 
ee ee te 
a(a+b) 6(b —a) 
ai i oa 
2e+4 +5 
Bie ee ry 
wt—yF g—y aty 
3 Wo ee = Gb (a® + BY) 
 @ +5) a? 38 a> — ps ' 
1 a 1 a 
eo a8 6(a* —9)  3(a? — 9): 


Exercise 57. 
Find the value of :-— 


— Sy2 , >2 
ase: a Oz 4 Az 32 __ xz 22 
2. 3 6 


5 
“* — Tx + 19 a x* — |]xy + 98 2* —10xa+21° 
‘ 2— 5a_3+4, 2a(2a—11) 


a+3 3—a =o 
4. «hao b es a® + 58 ab 
a —b* at 4b* " G4 Lge (a+4) (a* +62)’ 
XLVIII 6 
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eye 3 Qa+3 —< 
Bia acy Le Fe? + 3a+ 1 
6 4 2 
sy a ee ee as 
i Yo eo i is? pw 20 
3. Wt nee ema nce a Phar 
aa? —y?) ya + y®)  ay(wt —y*) 


1 1 
pe a a err 
(a3 — y*) (w+ y®) (Gy? — a?) (@* + 2%) 


1 
+ (93 + a*) (a? + y*) 


enous 


3 5 6a 
Oot ere, on ae 
S a+2a  «—2a 6a2 
a—a@ x+ a 2? —a?* 
3. Eyes eae 
4a? (2+ y) 40°(y—*) Fu? (e? + y?) we—y® 


a a ait b re c - 
y GLa) (e=)e—) Cae) Gay 
Model Solution. 
Find the value of 
2a+y vi OD Ch Bo sence eughs Br 
(x —a)(a—b) (a — b)(b—a) (a — a) (x — b) 
The L.C.M. of all the denominators is («7 —a)(# — b)(a — db). 
Reducing to this as a common denominator, we have— 


(2a + y) (a —b)—(a+ b+ y)(w@—a)—(@+ y —a)(a— 6) 
(a —a) (a —b)(a—b) 


% 4 xy—2ab—by—ax—ba—zy 4a? -ab+ay—aex—ay 4a? +ba+by—ab 


2a 
(a — a) (« — b)(a— b) 
2a? — 2ab 2a Ans. 


Pee Reed cll BN  resgaing YT 
(@@aa)@—b)(@—b) (@—a)(@—?) 
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§ 58. To Multiply or Divide fractions, 

Here also we proceed exactly as in arithmetic, and re- 
solve all numerators and denominators into elementary fac- 
tors, so as to cancel like factors and reduce to simplest form. 

For example— 

Multiply, reducing to simplest form— 

a*—18a+ 80 a? — 6a— Tats 

aoe) 06 8). a 5a. 86. ga] 

Resolving into factors we iget 

(a —8) (a—10) g (a + 1) (tz) a tae, 

(4+ 5) (a— 10) (a —8) (a—7) a—] 
_at+l 
i aot 

Exercise 58. 

Multiply, expressing the result in the simplest form :— 

fp & ee: M4 ee 
a—2y ay + Qy? 
a*+oa+ 4 a? +3042 


- Ans, 


2. ee Og a hia Sa a 
a*7+7a+12 a? + 2a+1 
3. 2? —q? GH Zo* =< gt ye 


a* — 3an + 2a? ue + ax (w—a)*° 
ep UN gf 8 yt + Oy ed 
Foe ee tty 4 yay 


2a+1 a®b? + Bab 
ab+3 4a? —] 
a ¥ + l7y¥+6 | y*—19) 
y* + 1l2y+11° y*? — 36° 
3. © + 10c + 24 = c§ — 8¢2 ¢ Nilo he A 
c* —14¢c + 48 c* + 6c c8 + 3¢— 4° 
4, * —2e—15 2»? Se a Peta 2? +a 9 


a? +3a+2 ~~ 243 a* —~ x #? —%—90" 
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— lly + 30 —3 — 
Cc. 1. ibebandi nani 8 Led 
y* — 6y + 9 y* —dy | 
2. a? — sa-— 4 at — 64 


Wg Oa 


g G@twtody ees 
w? —(y—z)’* g* —(a + y)* 

AP e 8 Pee ee eee 
prt+4p—5 pe 2] © p* — lip + 72 


Exercise 59. 
Divide, expressing the result in the simplest form :— 
a* — 27a by 2a? — lla+15 
Fa2—5a° 4a*—2Zd 
A name Le 21, y? + dy + 6 
y2 + 9y + 20 y® + 7y +12 


2 2 
ia (ices ear Ness Sk 
{ a* — 16y? 2a? + Say by 


A, 1. 


at — Tay + wy? 
a? —llaty + 29ay? — 4y> 


: Ace 2a 5 _4@Ga +2)7,. 
2a—3 b6at+9 3(4a2—9) 


48a? + 44a? + 8a + 35 
8a? —2a— 15 E 


4y? tyt 14, Qy? + 5y + 2 

16y* — 49 By? —y—1- 

a? —a2b—ab? —2b§ a® + 2a* —13a+10 
34 3a%b+3ab2 +209 ” a®+a*—10at8 © 
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l l 
3. le ante}? Gey txernl 
w(@? —y?) ya + y?) S$  \a(w—y) y(w+ y) 
8 2 5a O24? + 67a+21 
. “ee Lore aeresy dd 4aua* + lla+t 6 


: Seas 
C1 m 6m? + 36m "g m* + 216m 


m? — 49 m? —m — 42° 
2 om? + Ir? —]54—6 4at + lla? + 25 


"73 — hy? —2la+ 12 y 4.n* —9u* + 30% — 25° 
3 (73 - ESS) »y ieee te) 
Ne On g® cage 29a, 22+ 24 
ee EE ore 
iat elites & eee ok } 3 

ae + wy + ay? + y? 

tay tye 


Model Solution. 


Divide and reduce to simplest form :— 
a? + 2ab +b? —c? b? —2bc +c? ~—a? 
—b*—c* —2bec YG? —Qac¥ =F 
(a+b)?—c? | (b—c)?—a? 
a?—(b+c)* * (a—c)?—b? 
_(a+b+c)(a+b—c) x (4—¢ +b) (a—c—d) 
(a+b+c)(a— b—c) (6—c—a) (b—c+a) 
_%+b—c yt—e—b_at+b—c 


a—b—e RG pn ae ag Sane” Ans. 


Given Expn, = 
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SIMPLIFICATION OF COMPLEX EFRBACTIONS- 
§ 59. All simplifications of fractions are ultimately 

reducible to the preceding rules. The following points, 

however, merit the careful attention of the student :— 

1. Since a fraction represents the quotient of the 
numerator by the denominator, it is often convenient, in 
simplifying complex fractional expressions, to reduce them 
to the form of numerator -- denominator, and simplify 
each of these separately before proceeding to the final step: 
of division. 3 

2. The reciprocal of a fraction, that is, unity divided 
by a fraction, is equal to the fraction inverted. : 

8. The signs of both numerator and denominator of a 
fraction may be changed. 

4. In simplifying expressions containing several im- 
proper algebraic fractions, it 1s often better to reduce these 
all to mixed numbers as the first step in simplification. 

5. Continued fractions are of the forma, 1! _- 

b it 1 
evil 
a 

To simplify such, we begin with the lowest fraction 

and proceed step by step, using rule 2 above, thus :— 


=a+ 

b+ 

ca +1 
a 

| 1 l 
at ——q_ =" peat o+d 

6+ dtl cd + 1 
en ca +1 __abed +abtad+ced+ 1 


Ea be ee Sy AO EF ee 
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§ 60. In simplifying expressions, it is to be noted that 
if one factor of the expression becomes = 0, or vanishes, 
the whole expression of which it is a factor vanishes also. 
We must, however, carefully distinguish between the vanish- 
ing of a factor and the cancelling of a factor by division: in 
the latter case the factor is merely reduced to unity: and if 
all the factors in the numerator and denominator of a frac- 


tion cancel, the whole does not vanish but reduces to unity. 
The following are Examples of simplification :— 
Meee a eas DN 4a? b\ 2 
Peesimplty Ad me beeen Sd ae 
ee oy aes (F ;) 
Since this is the difference of two squares, we have 


Given Expn. = {2/ ae 5) “ (F-—-3) hx 


Ce 2a be 


2a? b An? 6 
(q+) -(G-2)} 


4a* b Aa b 4a? b Aa? b 
— 2 a3 a 52 2 b2 4 ee: b2 + ;} 
Sa" Ob 164 
Pe bie gel fRe ns 
(2) Simplify 929°2" . [14a (p—q) . (4 (w@—y) 
“eae 15 (w+ y) 5a*b 


In replacing the + signs by X signs there will obviously 
be one inversion of the Ist term within the square brac-- 
kets, two of the 2nd term, and three of the 3rd term. 


Hence we may at once write 
Given Expn. Pr x 15 (a+ y) x 4 (@—y) 
Pt+q 14a (p—q) oa*h 
ee 3") 


1+ ay 1 — ay 
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Exercise 60. ee 
Simplify the following fractional expressions :— 
apne © 
A. 1. ; _ 
ie cake ee 
a @ 
ey ee 
2, placa sie Raat 
parte tpt 
(x + y)* 
a? 
3 a? — aq? 
w?—an+a* x? + ax + a* 
u—a w+ a 
C 3 C 3 
Ce ea sae 
4. Rea de ee ore ESSENSE RAS, © 
a? + cx + c’ a® —c® 
aa 
Ye Ys 
Bt Tea i 
‘| 
(3+ ae Pt ab ) 
9 — a b+a 
y a* + b? 
b? — a? 
1 
3. eo 
oe ol 
Soe ee! 
4 I" Teay laa +(*—4) 
2 2 Cee ee Y yee 
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2 
1 — }2 
a 
“4 1 eres. 
l1—b 1406 
] y 
ee 
Saat | 
a? 2a* 
1 — a+ 1— a8 
“ty 
or 
a 1 l 
4 3( —> rat) X@+9) 
Se a*h + ah* 
a? — >? 


Chap. XIV.—GENERAL TESTS. 
Exercise 6l. 
A. 1. Simplify 2y — { y—(w + y) —[y—(y—a—y)] 
+ dai, 

2. Find the sum of a Pb 26 4d) b+ oe 
3(d + a),andc + d—4(a+ 6), and take this 
sum from the difference between 2 (6+ d) — 
3 (a+ c) and 3 + % —2 (a+ d), 

3. Multiply a + 26 by a+ 1b, and divide the result 
by 7a — 3b. 

4. Ifw=l,y=—2,7=3, k = — 4, find the value 
of MY + ys + k(e—y) 

10% — (y + z)? 

5. Write down the square of b* — 2 + 3, and the 
cube of a? — 5, 

‘ : 2a 2y w* + y* 

6. Simplify wy + "amrg Dawg, ye 
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4. 


5. 
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From the sum of 4a? + 14% —4<?, $a* + 36 
+ 46%, and Sa% — 15? — 3c? take the difference 
between 2a? + 32 — 4c? and 3a* — 76° + 30%. 

If #1, y=— 2, z= 3, k = — 4, find the value 
of Jk? — 4y + a? — Je tyes tat ke 

Find (i) the quotient of a®— ab + 38,67 by a— +5, 

and (ii) the product of this result by 3a + 2. 
: : 2 7 2 2__ 5ah + 4b? 

Simplify 2 fab + 12b . 4 
mmPey a® + bab + 6b? ~ a? + ab — 267 

What is the greatest quantity that divides both 
7y? —10y? —7y + 10 and 2y8— y*? — 2y + I. 

2 


Find the val SGN ee ee 
in e value of gee + ae ak 
ert Aa. Ba x2 

43 — qi er en 

If » = — 1y, find the value of 5 (w— y) — 

2 {3u—(aty)} +7 { (w— 2y)— (5a — 2y)7- 

Add together 3a + 45 + 5c, 5 — i- * and. 


2 — 93 —3c: and from the sum takea+4 — 


Multiply $a? — 5a* + ta + 9 by ga* —a+t 8. 
6a* —Qa® + 7a? —w+2 
Red 1 a ___ 
educe to lowest terms <a Dig ae 
Find the L.C.M. of p? — 1, 7p? + 5p — 2, and 
7p* — dp — 2. 


: : —b ,at+b a® +b? ab 
lify ( “= Ae ccs 
Simplify (+35; ) ( Sab +1) 
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Exercise 62. 


A. 1. 


2. 


Simplify 4[4a — 5 — 2 (3a— 4) +5 { 2a— 3 — 
2(3a— 4)} + 5 {2a—3 — (2a — Ya — 5)} a 
If a= 5, y= 3, z = 1, find the value of 
vouy? + Y9y2—2 Bat y— De. 
Divide x*y? —c¢(a* + c) y + c?% by ay —c. 
Show that (w—y) (a + y—z) + (y—z) (y + -—a) 
+ (z—a)(ct+ H-— 4) = 0), 
Hind’ the .G.C.M of 5a7— 822 Sy 2 2 and 
oa? + Qa* — 33a + 18, 
1 3 2a+3 


Ritpinge oer ere 8 . 
3(@a—1) 6(a+2) Qa a(a—1) (a+ 2) 


If « = $, y = 2, find the value of 
a? -} ys 3s pelehZ ys 
eae Lge + a Pe eg isa Ss 
cp soemiae” -k: fiem ail a + ay ty 
Divide y? + (4ac — c*) y — (a — 2c) (a? + 3c?) 
by y—a + 2c. 
If m = 2, find the numerical value of 
minh + Qmm—1 + (Qm — lym, 
Write down the square of zu + 3y—+2: and the 
cube of $a + 1b, 
Find the value of (a+6+c) (a+6—c) (at+c—t) x 
(4+c—a) when c? =at+2?, 


u?—y ety , a—y 
Simplify ; ; el aaa Oss =} 
$29 
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Simplify 18 faacal 2b | c) — 


(3a 2b6—8c pal (le ae 
24 f 22 _ Sh + 304 5 = (2a aE 


Find the remainder when 5a*—7a*+3a?—a+8 
is divided by a — 4. \ 
Find the L.C.M. of a? + 83, 3a— 2a — b*, and 
a® —a*b + ab’. : 
Express as the product of 3 factors (aw + by )* 
+ (b% — ay)? + (ay + bx)® + (by —an)*. 
asty? aty lf xy ie de 


a*—y* 2?—y? 2a*+y? a—y 


The product of 2 factors is (3a + 2b)? (2a + 36)* 
and one of the factors is a—b: find the other. 


Simplify 


Exercise 6S. 


A. 1. 


Ab , Sa—45 1 Boje oe 
pe esl ay | : 04 a (7a 1) | ; 


2. 


If a1, b = 2, find the value of 


Find the remainder when «*—3a*y+32?y*-—y* 
is divided by »*— ay + 2y’. 
Resolve into factors, (i) 10y? + 79y —8 and 
(ii) a? —2ab — 32367. 


Find the L.C.M. of 6p? — 13p2 — 18p + 30, and 
Sp? + 38p* + 59p + 30. 
If # + y=1, show that ( x*—y*? )? =a + y> —ay. 
a+2b  3a*% + 63ab + 70D? 


implif af OR ee 
Simply 75-—b  Qa* + Bab — B06" 
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Bl. Ifw—25 y=], ,= 4) Show that 
@—/y) Wet y) Veny=— 
Va — 2? 
2. Write down the factors of (i) a? + y? + 2ay+a+ y 
and (ii) 3a? + 6a? —189a, 


‘ 0 
3. Simplify__@+?_ sificad 


2a* + ab +o 4( o—s) 


4. Reduce to lowest terms 2” — 4m? a 16 A 
3m — 2m? + 16m — 48 
5. Write down the Square of 2a? — 37 — 4, 


a Reog 8 tM a 4a 
ho Ra : hat +a—12 a0 


divide the result by 1 + oe 
C.1. If#=—l,y—2, z= 3, find the value of 
(a? + yh + 24) x (wt yt a)eteny, 
2. Find the G.C.M. of 2y? + (6a — 106) y — 30ab, 
and 3y* — (9a + 5b) y + 45a. 
3- Factorise a? —}3 —g (a? —6*) + b(a— Oy", 
(a + 1)? —(a— 1)3 
RO Ae (a 1) 4 
5. Show that *tY (;- jee (5-2 ) 
wy \a ys ye \e y 
is the difference of two squares, 


4. Simpli fy 


6. Write down the square of 34% —2q — o, and the 
cube of $a + 1, 
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Exercise 64. —~, 
A.l. Ifz=«+ 2, and y=2— 1, show that 


w*y*z? — wy? —z* + 1 ies pater 
aryz—— + y (2* -1) 
y y 
2. Resolve into elementary factors 
(i) 2° + 3a?y + ay* —y°, 
(ii) w? + 2%y —3ay? + y?. 
3. Write down the square of «* — 3a? + 2%—l, 
and the cube of % + ®, 
oe a | 
4. Find the G.C.M., and also the L.C.M. of 


21a* +8ab—4b?, 49a* —4b*, 21a? —20ab+ 407, 
and 49a? — 28ab + 4b?. 


5. Reduce to the simplest form 


(a — b) (a? —ab + b*) , a i rem ai 
a® +b» (a+b) (a? +ab+b*) 


Qu? +5 tno Qn? + 1 


6. Take thesum of and rom 
a+ lt a? — 1 a—1 
Bae laa ete 
and multiply the result by loam + os 
tel 
l a+l 


B.1. Ifa+s+c=1, show that a (b+c) (6% +c? —a?) 
+b(c+a) (c%¥ +a? = by aes) (a? +b*% —c*) 
== 2abe. 

2. Resolve into factors (i) 6a* + 29x* + 26a— 21 
and (ii) a? —a?b—ab* + b®. 
3. Write down the square of 4 a* ++ % 
and the cube of 2a + 3b. 
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are a—b+ce c—b—a 
5- Find the G.C.M. of 2° + 4e* + 63 + 10a? + 5x 
+ 6 and w& — 25 — 2x4 — Aa + x? + 6a. 


6. Simplify att a = (y? +2*—w?) 
Z 


4. Simplify 


Reece +m? — y’), 


a7 he Ae ae = find the value of 


We (ee eee ieee! 


2. Divide p* — 2p* — 4p° + 13p% — llp—7 by 


pop t. 
2u? + 19e%y + 35ay? 
3. >, 4 b 
Multiply — PREY tT HOY 
2a*° + 13x24 — lday? — 126y% 


a?y + Gay? — 7y8 
4. Write down the square of 3 ( ; ss Z 5 4: and 
\ 


rs ae 4) 
the cube of ( a ). 


5. Resolve into factors 
(i) 2a? — a*#b — 2ab? + b3 
(ii) (w + y)? + 3ay (1—w—y) — 1, 
6. Simplify 
a? + 3 
A od age jety oe i Fi Ia 


0? — ay + y? yoo aty wy—y 
a—y 
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Exercise 65. feat 7 

A. 1. If p=3, g=5, r=7, find the value of p—? — p?—* 
+ Wr? + 3q. 

2 Ifa=—#,b=—14, c=, find the value of 
a—[2b+5 { 3c—3a—4(a+b) } ]+2a—6(6+30). 

38. Ifz—a2+ 2, and y =a — 1, find the value of 
x2 y* 2% — a? y? — 22 + 1 

: ee 
w* yz —— + (Sate ) 
Saou y* 

4. Add12{ ae a a), { (2a—3b)—(6c--a) } 
and 16 { 2a— 3 (b— 3c) } and multiply the 
result by {a + $6. 

. yt , y® By? 

5. The product of two expressions 1s rn + et 

5 2 
+ 2; if one of them is Sean! find the 
other. 

6. Factorise (i) 2a° + a* — 2a — 1, and 

(ii) 6a? — 7a? + 1. 
B.1. If m=4, n=3, s=2, find the value of 1*—s” 
+ Ym? + 3n + Ss: 

2. Ifa—1,6—2, x=—1, y=, find the value of 
a — [8a—5b— { 7a— 96 — lla— (18a — lob 
— 17% — 19y) } ]. 

8. If p=-01, ¢ = ‘002, r= 012, find the value of 
p* + ght Ee 

4. Take £ (a? —2e—1)—+4 (w?—7x+4) from 


12 (x* + 2x) — 2] (4u* + » — +) and multiply 
the result by 2x? — 2a — 1. 
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5. 


The product of two expressions is }a° ~4a* +2243 
— $$u?— 132+ 9; one of them is 3u* —a + 3; 
find the other. 

Resolve into factors—(i) 2y* — y? —y—3; 

(ii) b? —7b + 6. 


Find the value of m?™—! + 2m"—! + (2m — 1)™, 
where m = 2. 
If a =3, b = —4, find the value of 


91 (=3=- =) tg. [— i? 
3 7 12 8 


—( 5 
6\ 2 4 LI. 


If l= ‘02, m = :08, n ='1, find the value of 
3+ m? + 3lan—n8, 
si let from the sum of y + 4 — 2a, 


gu — gy + l,anda + $y—# and multiply the 
posit by «—3y— 3. 


The product of two expressions is 12a°— Out — 31 ge 
— 3x + 4 and one of them is $a* —x+1; 
find the other. 

Resolve into factors—(i) 92 — 9a + 2; 


(i1) at —a? + 8a—8, 


Exercise 66. 


A. l. 


2. 


XLVIII 


: 6a? —I1%a +18 
Maltiply 3 — 2 

altiply a+ ap | by 
4a? re ort 


l + Ja tig 


8—5a+ — 


Multiply 


“+ — Yo Rakes 
a2 
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B. Divide “eee Ye 
YZ mm ny ™ mn" y ™m 


ou i ne es oe 
Malini eee Vai? —3ay—2y* 
“ ' 1 l a— 2 
: Lei een 5S OE A 
5 simplify }( 1 FEL are 
Yh te ) 
a*+tatl1l/ 


a°-—2a"7 a1 


~ Reducetolowest terms: 
° 2a*—5a?—1lla*—5a+4 


B.1. Multiply3 + "4 ye cy 28> 


aaa  y®§— 3y—10 
Multiply 1 + ~ 5 + SW Oe ee 
tape ae ee y ot ae 


3. Divide the Spee between ;a* + $a + 4and 
a® + 222? by the difference between 3a? and 
2(¢% + 1). 
7 95a*—10a—75, 4a* + 4a—48 
Multiply eee pe ase ae eee 
EY a8 2a 40" Sa® Ba 80 
5. Add together 
ene by as and Pe ie a 
a2 + 3a+ 2’ af + 4% + 3 ee 
6. Ifm=—2 + yn? —1, show that m ie — = 2n. 
NM 


® ° M ] ) ly a + 4, ——— b ] 


2. Divide the prodnet of 3—2a and 7 i aby ges a : 
ti 6m? — ay—12y* 6x? + 7xy—20y? 
Itipl re aU ‘wy —20y* 

3. Mu 1p Y 62 + 23ay + 20y’ y: 1237 16ay—3y?" 

at tO tas ee a 


4. Simplify 
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a? b2 (a? sl Os be 
—_—_| by —________.... 
pa at +b? (et 04) aa +*)? 
6. If e=1, y=— 2, z=3, find the value of 
(2e + 3y + 2z)? — By ¥5n? — 4y? — 223 — 10. 


5. Multiply ae 


Exercise 67. 


A. 1. Find the value of ———__—_ l ree eae 
a*+ ar rey ee a? —a? 
BB rhe ed Re 1 
(a? +67) (a? +b*)(a+a) (a*—a?) (x?+b?) 
y Dovel i | 
ar oF en 
2. Divides. by cal 
y—2 ‘alee 
x” y* 
] 1 
8. Simplify 0? Cre pe a aOR ee yt Ve 
implity j eva Va? 62 a+ ab? ) 


4. Resolve into factors (at — y?) z+(y* — 27) a+ 
(2? — a? )y. 

5. If 2? —2* + y? show that 
(aty+2)(aty—z)(@t2—y) (yt2—a)—=4a%y*, 

6. Show that 4a? — 4y’ is a factor of 
(et tay 7 yA (at ay ey! )*- 


B. 1. Resolve into factors at— (i+ c)a®? + (6+ c) 


abc — b?c?. 
’ : Aa? 8a7 2a if 
S eer? ey | ~¢ 
2. implify — ye eo a fact 5 


ay(a? +b?) +ab(u? +y*) 
ay(a® —b*) + ab(a* —y?) 
4A. Ify=a—l,andz=a#+ 2, show that 

w*y*z? Aa ary? ekied 2% + l 


1 
w? yz —~ + y ( “*——) 
y y* 


3. Reduce to lowest terms 


+ 1=2?. 
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5. iis Ge ee 
Vet 63 
(a + b) (a* +ab + b*) 
6. Simplify the fraction Bg NS eae! 
a+i+ 


CG. 1. Resolve into factors 15 (a+b)? +14(a+2) (a+y) 


—8(x+y)*. 
2. Simplify/at+o— a atb— ce 
 Simplityo+b— alt (toa apa) 
3. Reduce to lowest terms (a+b+e)* ape a a 2? 
2a(6* + 2ic+c?*) 
4. Add together Siva Sana ce 
(a—b)(#—a) (b—a) (x—b) 
we+c 
(@ — a) (w— b) 
ee l+a Aa, Sa 1—a 
5. Divid TOs Cele Meg rain iss eas, Sg SR 
Mee Gaede anaes] eee jb 


a 1+ at 1+ a? 
6. If a2, b=3, c—4, w— 25, find the value of 
bc(a%+ a) ac(a+b) ab(a+c) 


(a—b) (a—c) (b—a)(b—c) (c—a) (c—b) 


(5 +tte 4a? 4) 


Exercise 68. 
A. 1. Ifa=}, 6=0, c= — 3, d=— 1, find the value of 


cd—ah = a—e 
a? a arte 
c* C 


2. Divide 1+ 2a by 1—3a to four terms of the 
quotient. 
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3. Resolve into factors 24a?y? — l4ay* — 3y*. 
5a 2a , 3b, — 2a*/13b 
4. Simplify 5 a(4— > ae Sale 7 i — 5) — 2. 
5. Find the L.C.M. of 4a* + 4a? — 8a?, 6a°—12a* 
— 18a, and 3a? — 3a — 18. 
6. If A=x2+ y, B=2— y, find the value of 


A+B A—B 
2B AB 


b> 


B. 1. If a=3, find the value of 2a%t!— (2a)2—! — 


3 (a— 1)¢. 
2. Divide 1— 2y by 1 — y + 2y* to 5 terms of the 
quotient. 
3. Simplify. 
ab jor? athe}. fate_ ote} 
a? + 6% la--b be) °° la—b ai—d? )- 


4. Find the G.C.M. of 6a? — 19x”? — 16a— 3 and 
Qu —lla? + lla+ 6. 


5. Multiply 4a + ty + 42 by fa— zy + §z. 
6. Resolve into factors 75%? — 35a? — 102%. 


C.1- Divide 6xyz (1 pee a alae abc (= + at 


+ = —1 ) by the product of «—aand 2y—é. 


2. Resolve into factors aba? — (a* — 6%) a —aé. 
3. Simplify. 
dae sees ry GE? By a* — 2Y\ 
(y y —2 Js Sa ies rahe 


4. Find the value of & Be EE Ant 5%)? 
si a*(a?—6?) b?(a? —5?). 
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5. 


6. 
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: 42aty— Tad y*—Ta*y? 
Reducetolowest terms Bury? + 42a2y*— Ways 


If a=, y =+4, find the value of 


ae <a x ae 
y eae & 


Exercise 69. 


A. l. 
2. 


Resolve az? + (a + 5) 2 + b into two factors. 
Divide 5 (3a* + 2) — 9x (1 — 3a) — 13a3 + 62% 
by 5a? + 2— =a. 


Simplify ( ee )( ytt )+( o— | f _ 
a y a ] 
Ifa=— 3, 6 = 5, wa = — 1, find the value of 
3a ./3ab + 46 — 2ba Va —5b + 122. 
If pees —a0t Mind the value of 2+ 4¥—! 
ab +1 ab+ a—y+1° 


git; 3 
Find the value of 2% ne ve u 2/0 rs, 
eee | a*+a a*—a+l 


hs ; 2 2 2 
Divide y? — y* +y—2 Seti re aa by y?+2+ ie 


Find the value of ——— (a? + B® + c?) — 
C 


(Sti 42%s =e). 


C rs Wie ee 


Resolve into factors ab (~* — y*) —(a* — }*)ay. 
a®—Gab+9b? _ Gees Loree) 
—4ab+4b2 ~ la?—4b2 * a? —ab—6b? 
If 2a* + 20° —1la*+ 13a—3 and 2x+ — 22% — 
5x2? + 1llz—6 have a common factor, resolve 
each into its factors. 


4 9a — 5 
Add togeth Piers, ROO les « 
Bee See ata: a®* —a+ ] 


Simplify 


11 — 2a* 
ae + 1 


, and 


° 
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C. 1. By what must we divide 36y — 23y* + 12y* + 8 
to give quotient 3y? + 6y + 1 and remainder 
2y -+ 1 P 
2. Ifa=—3,b=—}i, »==—1, y=0, find the value 
of abuy — Via — 22 + 3b — Ox. 
Mee sa 1 1 3 
3. Simplify (2a — 3y)? + 2 —.—_—_+_" }, 
PED ¥) \ oa 2x7 y* ee 
4. Resolve into factors Lla* — 54ay* + 63y*. 
5: Simplify, without multiplying out, 
(b + c— 2a)? — (ec + a — 2b)? 
(a+6+c)? —(a+ b— 5c)? 
6. If ees caddies find the value in terms of w of 
(1 + 2*) 
Vl—a+ {(l +2) Vat vVi—a}. 


Exercise 70. 
A. 1. Which is the greater, and find the difference 


between (22)? and 2* 
2. Resolve into factors 4a0z*—2(a?+b?) ayt+aby?. 
3. Show that the difference of the squares of two 
consecutive even numbers is 4 times the odd 
number between them. 
4. Simplify 
9b? —(4c—2a)*? | 16c?—(2a—3b)? | 4a* —(3b —4c)* 
(2a+36)*—16c2 (3b+4c)*—4a?  (4c+2a)*—95%" 


2 3 4 5 

5. Ifa="1, find the value of a—< + 3 TE = 
correct to 5 decimal places. 

6. Divide a+ 4x by c—dz to four terms of the 


quotient. 
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Simplify 22° + 2 22)”, 

Resolve into factors 7a? + 96a? — 103za. 

Divide «*—-y* by the difference between (1+ 2°): 
+ (l+a)?y + (L+a)y* + y® and 3a (#+1) + 
y(y + 1) + 2ay + 1. 

are) (oat (0) 

(a+c)?— (a+b)?—c? (6+c)?—a*’ 

Find the difference between the cube of the sum 


of the squares o and /, and the square of the 
sum of their cubes. 


Show that the cube of the diteronie of a fraction 
and its reciprocal is less than the difference of 
their cubes by 3 times the difference of the 
fraction and its reciprocal. 


Simplify 


Resolve into factors az* + (a— 4)a—b. 


momar wy LN AR Waa Face a b 
Bimota) ee 


Find both the G.C.M. and L.C.M. of 49a? — 462, 
2la? — 20ab + 4b?, 49a? — 28ab + 422, and 
2la? + 8ab — 4b’. 

(a—y)(y—2) +(y- ~e)(2—2) + (2—a)(a@—y) 

—a(z—a) + y(a—y) + 2(y—z) 

Write at full length the four products of (aw) 
by (cw + d). 

What number must be added to a* + a*—4(a+3): 
that it may be exactly divisible by a —6? 


Simplify ~_— 
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ANSWERS TO EXAMPLES. 


Chap. I.—INTERPRETATION OF ALGEBRAIC 


SIGNS. 
Exercise I, 
ie 2. 3. 4. 
eet 2. 7008. 39. 256. 
B. 36. 12480. 496, 30. 
Cs... 159, 6400. 232. 118. 
Exercise 2. 
di 2. 3. 4. 
A. 10. 18. 70. 78, 
fae 18, 328. 96. 
Cr; 2h 26. 228, 60. 
Exercise 3. 
i 2. 3. 4. 
mm, OF; —5. 9, 15. 
Bs. 10, 36. (ae 26. 
CG. 35. 34. 66. 66. 
Exercise 4. 
| 2. 3 4. 
A... 5. 9. 12 5. 
ja ie 14. 4A. 
C. 4 Q. 6. 14. 
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Exercise 5. — 
di 2. 3. 4. 

A-zty—a# 6x+ly—-9z. 3a+4b=—5c. ab—ay. 

B. 32+ 4—y. 66—T7a+ 3c. 5y—2a=—42. pm—rs. 

C. by + az. 9b —4f + 3d. 3b—10a—=d—2c. 2d + Sabe. 


Exercise 6, 

A. 1. Twice adiminished by 3 times b and increased by 
Atimesc. 2. Twice xz increased by y and also by p times a. 
3. Twice a diminished by the half of 6, and increased by e. 
4. Three times the product of b and ¢ diminished by four 
times the product of a and y is equal to five times the pro- 
duct of b and z. 


B. 1. Four times p increased by twice gq and diminished 
by five times 7. 2. Three times y diminished by four times 
x and further diminished by twice z. 3. Nine times @ 
diminished by twice d and increased by half. 4. Four 
times the product of 6 and y diminished by twice the pro- 
duct of a and # is equal to nought. 


C. 1. cincreased by four times d and diminished by twice 
b. 2. Three times y increased by five times zand diminish- 
ed by eight times #, 8- One-half c increased by d and dimin- 
ished by a is equal to nought. 4. Five times the produet 
of p and q diminished by twice the product of # and y. 


Exercise 7. 
| 2. 3. 4. 
A.b—a. x + 20. Vax. y +42; 


B. 20a. n+2,n+4,n—4,n—2. A.wt+y,B.a—y. m+ 10. 
C.303. atla+3,x+5,2+7. r—p. 30 — 32. 
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Chap. Il.—ADDITION. 


Exercise 8. | 
1. 2. Sih eon 
A. 18%+12y. Il4a—l0y. 6b—2a. 5¢+ 7d. 
B. |l6a+ 150. l?m—6n. 6y—4ea. 5)—3a. 
Cc. llm+1ln. 18¢ — 9d. Sy — 4a, 2m — lbn. 


Exercise 9. 


LE 2. 3. 4. 
A. —2a+ bd. 4a — 5y. 8c — 18d. — 6p + 4r. 
B. x — 8y. 12p + 10s. -—7a+8b. 2”— 18a. 
C. 8p + 9c. —dat+b. — l4a— 3y. 18x — 2y. 


Exercise 10. 

A. 1. —a?+7b* — 2c? — 16d?. 2. 4ry+26yz— 10az. 
3. 19abe — 22bced + acd. 4 Zw? y + ay? + 7a2y?. 

B. 1. —3a*—16y?+82*. 2 —17pq—16pr+5qr—5ps. 
8B. 6xyz — 2x? y? 22 — day? z-—O9nyz2?—B8x2yz. 4. 5abced— 
8ab?c* d — a* bed’. 

C. 1. Imnp—25m* n* p?—7Tmi np, 2. —3abp—3a*b? 
+17a*q?—9b*q?. 3. Llaxyz—7bx* y:—2cayz?. 4.—9mnp* 
— Im? np + Imn?p + 3m*n?p?. 


Chap. III.—SUBTRACTION. 


&xercise 11. 


1. 2. 3. 4. 
A. —2b. x—2y—2s. bre. 62 + 3y — 8z. 
B. 2y. e—3d—-2f. y+ 2. Da — 2c. 


C. —d. p+4q—2r. 9p + Or + 3s. — 2p — 9 4+2s. 


108 ALGEBRA. [ CHAPS. IlI—V.. 


Exercise 12. — 

A. 1. 3xy + 12x2—9yz. 2 2 —9qt+1lr. 3. 46 — Lie. 
4. 5pq + pr— 2l1gqr. 

B. 1. 2a+ 5b— 2c. 2. 3p —9q + 2r. 3. — 2ay+1laz 
— 13yz. 4. 2ay + 4az— yz. 

C.1. p+4qg—3r. 2. 7a+9b+c. 3+ ab — 13ac+2lic. 
4. 3a? + 3b? —c?. 


Chap. IV.—EXTENDED USE OF+ AND —. 
Exercise 13, 

A. 1. 8cows, 8 sheep and 9 horses. 2. 22 men, 20 women 
and 18 boys. 8. 26 pounds, 2 shillings and 10 pence. 

B. 1. 29 chairs, 9 cots, and 15 tables. 2. 232 rice, 116 
ragi, and 90 cholum. 8. 1920 infantry, 764 cavalry, and 
540 artillery. 

C. 1. 24 cl. I, 32 cl. I, and 33 cl. III. 2. 64 sovs., 29 
ers., and 3) shillings. 3. 11 first, 48 second, and 575 third 
class. 


Chap. V.—THE USE OF BRACKETS. 
Exercise 14. 
1. 2. 3. 4. 
A. x+4y+ 22. a+ 5e. 82—9y. llm— 22n. 
B. a+b+ 8c. m—3n+10p. 32a—416. 2la — 40. 
C. c+ ddt+lle. «+ 2y—T7z. 28a—136. 27x — dy. 


Exercise 15. 
1. 2. 3. 4, 
A. 3. Avg. lla — 34y. — 36m + 44n. 
B. 16. —a. lia — 168. — 43a + 12y. 
Cc. 9. om. 6m + Qn. — 43a + 94b. 


a 
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Chap. VI.—MULTIPLICATION. 
Exercise 16. 

A. 1. Gaba ;—12a>y7 ; 24asb4+u*y>. 2 24*q>—18p*q* 
+30p*gq*. 8: —9a*b*c* + 60763 c? + 12a*b%c3 + 1805553, 
4. —24uty*z5 — 18aty3z* + 42a5y22* — LO8aty?* z*. 

B. 1. 12p? 2°; —2Qax7y®; 40a°b*a®. 2. — 6a*b*c? x* y*z 
+ 9a? botay? z—12a3 bc? ay?2z*, 8. —35a5a2 y3 +2lataty® 
+ l4ata% y? — 2a%aty?. 4. —8ptq? aty?z* + 20p?q?a*y*z 
talely 120°? a? y* 2* ae An* gq? xy>z*. 

C. 1. 45a*ty® ; —l2p%a*y* ; 28a°bo a? y%, 2. —l2a? batyz$ 
+ 14ab*a? y*z* + 6abc?a?yz>. 3. 10p?q?a® — lip*q?atz* 
— 20p*q3 a>. 4 —24a°btx>y* + 30a*h>a7y? + 12ath*a7y* 
+ 18a" OP 2° y°. 


Exercise 17. 

A. 1. 6%? +232+21, and 20%2?+187—18. 2. 8a? + 6a? 
+a+15. 3. 154%3+2a?+372+36. 4. 22*—8x? + 14a? 
— 14a+ 4. 

B. 1. 12%? +38%+ 30, and 14a? — 22% —12. 2. Liy* — 
16y? + 25y— 14. 3. l4y?+9y? —2y+24. 4. 8p* — 24p% 
+26p? — 16p+6. 

C. 1. 6y*? +3ly+ 40, and 20y2+2y—42. 2. 8%3—)]4a* 
+42% — 27. 3. 1203 —40p?+10p+28, 4. 6a* — 29a3 
+ 18a? + 39a — 14. 


Exercise 18. 

A. 1. a* —a?4+2x2—]. 2 18a* — 4523 +822? — 672 
+40, 3. y® — 3y> — 3y*+13y? — 6y?— 6by+4. 4 at+ 
uy — Ju? y? — Bay? — 1Oy*. 

B. 1. p? + pg + 2pr — 2q% + Tar — 3r*?. 2B. 3a? + Bab 
+ 44% + 10ac + 8he + 3c?. 38. m®> — 5m? + 5m? — 1. 
4. 4u?y*? + 62* — d5a®y — 4y* + llay?. 

C. l. 445 —a?+4a, 2. 3p* + 149? + 994+2. 3 a> — 
hath + 4035? + 4425 —17ah4—1 265, 4. 6y*+ 5y5 +6y?—17y +6. 
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a 


Exercise 19 

A. 1. a® + 4a* + lla’ — 1lba*—56a+ 1d. 2. 6y* + 5y* 
+6y* —17?y + 6. 8. 6y> + 5y* — 25y3 + 3ly? — 13y 4 2. 
4.45 + a°b? + a?5? + 6°. 

B. 1. 8a*— 23036 + 27a7b%*—34ab? + 12b*. 2. 1 + 6y 
+ 17y? + 34y3 + 52y* + 40y°. 8. 162° + l6a*+y — 3003 y? 
+ 55a? y? — ay* — 86y°. 4. y® — (a? + 2b) y? + cy? + 
(62 — ac) y — be. 

C. 1. 6y®> — 17y* + 2ly® — 17y*? + 9y—2. 2. 36 4+ 73a 
+ a? — 5a? — 15a* — 1845. 8. Wal +5laé + 4a° — 5824 
+ 55a3 —13a* + 38a —24. 4. 25 — 2az2*+ (a? + 26) 23 — 
(2ab + c) z* + (ac + b?) z — Be. 


Exercise 20. 

A. 1. a? + (6+c+d) a? +(be+ld+cd)at+ted. 2, 302° 
+1782? y+ 328ay? + 192y%. 3. 216a* — 48603 b — 528076? 
+ 1482ab? — 42034. 4. a° — ata+a?a*— a*a’ + au*— a°. 

B. 1. a? +: (p ty + 2) 2* + (ye + py t pe) eo pee 
2. 120a? + 388a7%¢ + 368ac? + 8403. 3. 43224 4+ 36a8y—160827y? 
— 564ay> + 360y*. 4 cta® (at + y*)— a*y? (c* + @*). 

C.1. m> + (n+ p+q)m* + (np + ng + pq) m + npg. 
2. 90a? — 327z?2y + 309ay? — 84y?. 3. 120a* — 286a°6— 
2la*t?+414al3? — 2163*. 4 360+ 78% — 35a? — 4a? + 2%. 


Exercise 2l. 
A. 1. 4a? — Sa?y + day? + 2y?. 2. Gp? + 7 a 
3. 1m? —23m?*n+imn*?—in’ 4 1a°+,07?a+ J Tan + ig? 


B. 1 293 —1%q2h+35q pees ee 2. Lys — lay? +3 Sat ey 
—$a°. 3. 3p°—3EP t+ sere ig. 4. 3a —foa* + 3a—F. 
C. 1. 2m? —12m?n+1imn*—in’, 2. ee yt siay*® 
—fy*. 3. gao—a2t—gad*+ 36%. 4 gp?—sp*qt spy 

ad. 
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Chap. VII.—DIVISION. 

Exercise 22. 

A. 1. 3a?%? ;— 2ab?y?. 2. 3a* — 4a3 + 2m?. 8. 3a? + Qa 
— 6. 4. 3aa + bay + Taz. 

B. 1. 5ac*a? ; -— 3b3 cyt. 2. 4y? — 6y? —7y. 3. Ty? — 
4y? + 9y. 4. 4a%a? + Saay + 4y?. 

C.1. 3atb?2? ; — 2a2ba8. 2. 82? — 7x2 + 6x. 3. 4m? 
— 3m? + 4m. 4. 2a*a? —4anz + 222. 


Exercise 23. 

A 1. a? + 2x? + 274+ 1. 2.43 + wy + ay? + y3. 3. 304 
—-Ag® + 5a? —6. 4 fa? —Sx— 3. 

B.1. 343 + 7a? —5v7+1. 2 a® + a*b + ab? + 88, 
3. 40° — 6x5 + 5a? —2e4+ 1. 4 4a? + 20m+ 222. 

C. 1. 3x? — ay + 4y?. 2. p? + p2q + pg? + 3. 38. 525 
— 3u* + 7a> —4ea+9. 4. 34? — ax — 2a’, 


Exercise 24. 


1é 2. 3. 4. 
A-z+9 act16. 2+2a+a%. —-,ax3 +1224 
B. 2x+ 10. 13—ac. 2—zx. —ta—1, 

C. Zay+ 8. «+1. a — 4. zt — ay. 
Exercise 25. 
Ad 12 4PM heat td 1s a, 
rs A eee ae 
1 ] 1 
1+2 —a? (142 : 4. 2 
+ 2a+a* —a® (1+22+27)+c&e pti + ae 
] 
sia + &e. 
Meas oa oe 80? gy gp Le ye 
2 2 . Be BE BP gt 
Pusaie«) I 
+&e. 3 at orate &c. 4 1+ d5y+ 1l5y?+ 54y 
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ba 4d au* a6 — ] l L 
ae Caer isn og aera CaE A 
+ &e. ig id ie at, ning 4.1+a+222 + 
1 baa | y y 
2a°> + &e. 


Chap. VIII.—MULTIPLICATION AT SIGHT. 


Exercise 26. 


A. 1. w?+20a+99; and a? —2a— 24, 2. x3 + (3a + 28 
+ 2c) »? + (6ab + 6ac + 4bc) e+ l2abe. 3. y? —imy? — 
2mty + 24m?. 4. x? — 24a? + 191a — 504. 


B. 1. w? + l4u + 48; and 2? —7x—30. 2. v3 + 12m2x? 
+ 44m?x% + 48m3. 3. y? — Spy? — dp*y + 84p?. 4. s? — 
2({a+6+c)s? + 4 (a5 + ca + bc)s —8abe. 


C. 1. y*? + 12y + 32; and y* —5y— 66. 2. p§ + (2g + 
Bu + 4s) p? + (6gr + 8qs + 12rs) p + 24qrs. 8. w%* -—— 12cx? 
+ 39c2%+ 28c3. 4 a? — 6a? — 37a + 210. 


Exercise 27. 


A. 1. 9a? + 25y*? + 30xy; 16x*% + 49y? — 56xy. 2. 25y? 
— 81; 4a? —9z?. 3. 1+ 4a +4 10x* + 1203 + Ont; and 
es eee a me Ot hd wes ia: Meee cee BS Fitts oh fy 


B. 1. 16a* + 957 +°24a3: Om? + O5nesc Oe 
36a? — 10067; 9y* — 16c*. 8. 1+ 2y + 5y? + 4y? + 4y*; 
and 1 — 2y — 3y? + 4y? + 4y4, 4. at + 64+ @78?. 
C. 1. 25y?+9x*? +30ay; 640% + 166% —64a45. 2. 9a? — 


l6y?; 25p? —4q?. 3. a*+6a3 +13a?+12a+4; and 9a* 
— 18x? +3a?+6x+1. 4 atta?+l. 
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Exercise 28. 

A. 1. 82° + 36a?y + S4ay? +27y3 ; and 27a? —54a2y+ 
d6xy? — 8y®. 2. 27m? + 64n? ; and m? +1, 3. a& — a382 
and p* —q*. 4 a° + y®; and #® —y?. 

B. 1. 6405+ 96a7b+ 48ab? +845 ; and 8x3 —3622c+ 34qc? 
— 27c%. 2. 12573 + 2743 ; and a? — 1. 3. m® —p*; and 
2c? — 8d’. 4 a6 +64b°; and 1— p®. 

C. 1. 1250? + 225a*a+ 135aa? 4+ 2723 ; and 27y? —108y" 
+ I44y—64, 2 8p%+ 1259? ; and 27p3—1. 3. 64a%°—27; 
and 27y°+8. 4 S+y*; and m® —1. 


Chap. IX.-—DIVISION AT SIGHT. 
Exercise 29. 
A. 1. 3a + 2b; 4a? —dy. 2> +2; and tau? + 44+. 
ar l l we ih 
y 


3. a® — ay? +a*y* — w2yS+y®%; and ie yer ae 


4. 27m? + 36m2n + 48mn? + 64n3. 

B. 1. 9x— 6y? ; 5m*+%n3, 2. a®4+3at+9a? +27; and 

| 

Boge Tt tmp: 2 Satie 
4. 8a%a? + 12a*a*by+ 18aub2y* + 27833, 

C. 1. 2m —- 3n? ; 6a? +5b2, 2. w+ 2u2y+ day? + By? ; 
and p+2q. 3. m*? + 3m5n*+9m*n§ + 27n)2 ; and a?° — 
a5p5 + q@ifio —@qifis + 62°, 4. p® + p® +- p> +1; and 
BP — a? yt + 4/5, 

Exercise 30. 

A. 1. du? —6ay + 9y?, 2. a? + 32 + 1— as —a—QB,. 
3. m* +m?+1. 4 m* —m? + 1, 

B. 1. a? + 2ab + 40?. 2. a? 4 4y? +1 — Lay — w — 2y. 
3. 4a” —2a+ 1. 4. 2? + m? + 2h? — mx — aba —ahm. 

C. 1. 16p* +12pq+9q?. 2. e* +y* +4 — ay — 2a — Qy. 


B- 9a* + Ba + 1, & 4% +47 + 92% + wy — daz + Byz. 
XLVIII 8 
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Chap. X.-FACTORS= 

Exercise Sl. | 

A. 1. 3a(a —-5). 2 4m(m*? — 4m — 2). 3- 3a? (8a* —o@ 
+ 8). 4 5a%23 (a? — 3x + 5aa*). 

B. 1. 4a3 (1 — 3a?). 2+ 9a? (1 — 2a*+3a*). 3. 5p*(2p* 
+ 3—4p). 4. Gata? (a? + 2a? — 3aa*). 

C. 1. 6b5 (1 — 3b?). 2. 3at(a—4 + 7a*). 3. 7a*b*(a* 
— 3b? — 5atb*), 4. d5mon* (1 —2mn + 3m?n*). 


Exercise 32. 

A. 1. (a + 28) (c+ a). 2. (w—m) (~+ 4). 3. (y + 1) 
(y? + 2). 4. (p? + q*) (w? — 4), 

B. 1. (2a + 6) (w+ y). 2. (@ —5) (wt a), 3. (By + 5) 
(y? + 1). 4. (2% — 3y) (ba -— ay). 

C.1. (8a+c)(m+n). 2. (4+ 6) (@+ 8), 3. (Qy— 1) 
(y3 + 2). 4. (b + ac) (ry — 2). 


Exercise 33. 

A. 1. (m+3) (m+5). 2. (w7+4a) (w+6a). 3. (y? — 5) 
(y? —6). 4 (a? + 3b) (a* + 20), 

B. 1. (p+6) (p+2). 2. (n—5) (n— 10). 8. (2% + 7a) 
(w? + 4a). 4. (c + 8) (c + 4), 

C. 1. (2+ 8) (w+6).°2. (m*? —4) (m* —1). 8. (a— 108) 
(a — 3b). 4. (a5 — 5c) (a4 — 2c). 


Exercise 34. . 

A. 1. (a2 + 7) (x? + 8). 2. (w—11) (a+4). 8. (a—6a) 
{a + 7a). 4. (p —5m) (p + 5m). 

B. 1. (a—9) (a—6). 2. (y? +10) (y? — 3), 8. (y — 4ab) 
(y + 2a*), 4. (m— 2nx) (m + 3nz). 

C. 1. (aw —3) (a—8). 2. (ay+7) (ay— 4). 3. (p+ 3qn) 
(p — 2qa). 4. (ma — 6y) (ma + 9y), 


OHAP. X.] ANSWERS. lls 


Exercise 35. 
A. 1. (a+ 1) (2a+1). 2. (m+ 3) (8m +4 1). 3. (2 + 2) 
(3a—1). 4 (a—7) (4a + 6). 
pa 1. (a + 1) (8a + 2). 2 (m + 4) (2m + 1). 3. fas ' 
+ 3). 4. (e—8) (5” + 6). 
C. 1. (a + 2) (2a. + 1). 2. ra + 2) (8m + 2). 3. (a—5) 
{4a +1). 4 (w—5) (3a + 7). 


Exercise 36. 
A. 1. (4x + 6) (3a + 4). 
(4% — 3y). 4. (7a + 2b) (2a — 7). 
«Be 1. (2a+5) (Ba+2). 2. (4m—6) (3m—4). 8. (10a—30) 
(2a + 7b). 4 (3% — 5y) (2a + 5y). 
C. 1. (4y—7) (8y—4). 2. (6a + 5) (24+ 3). 3. (7a—3a) 
(5a + 4a). 4 (lly — 4z) (3y + 82). 


Exercise 37. 


A. 1. (5x—5y) (3% + 5y). 2 (1la— 3d) (ila + 33) 
3. {atbtaty} x {atb—aty}. 4 {2at+yt+z} 
x {2a—y+z}. 

B. 1. (6p —7q) (6p + 7q). 2- (3a% — 43?) (a2 + 432), 
3. {m+2nt+u} {mt2n—w}. 4 {2a—3b+4ce—d} 
x {2a — 3b —4e— d}, 


C. 1. (2a—7b?) (2a+7*). 2 (16y? + 5a) (16y%—5a5), 
8. {l+2—2a+ 34} xf 1+ L+a+2a4+3b}. 4. {204 
y—z} x {Qa—y—z}. 
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et 


Exercise 38. 

A. 1. (2a +b). 2: 47b(5 + 2c). 3 (5a + 46) (a + 102). 
4. (lla+y) (w+ 9y). 

B. 1. b(2a—2). 2. (Sy+z) (Qy+3z). 3. (Tatty) (w+ 5y). 
4. (a—b) (19a— 7b + 6). 

C.1. (6+) (b+ 5c). 2: 5b(6a— 5b). 38. (lla + 3y) 
(Ba + 9y). 4 (a+b) (53 — 5a—2). 


Exercise 39. 
A. 1. (2e—3a) (4c? + 6ca + 9a). 2. (a — 6y) (a? + Buy 

+36y*). 3. (4m? + 6ay+9y?) (da?—6ay+9y?). 4 (2om7 

+5m+1) (25m*—im+1). 


B. 1. (7a + 8) (49a* — A6a + 64). 2. (10a — 1) (1002 
+10a+1). 38. (Qu?+1day + 25y?) (9x? —lday + 25y*). 
4. (a?6*— ab + 1) x (a?b? + ab + 1) x (a*b*—a*b* + 1). 


C. 1. (a+43) (a? —4ab+1652). 2+ (Qay--2a) (8la*%y* 
+18aayt4a?). 8. 16(4%%—2ey+y*) (4a? + 2ay + y*). 
A. (m*y* ae my? ot od se (m*y*— m?y? - 1) x (mS y§— 
m*y* +1). 


Exercise 40. 
A. 1. 20b(5a +b) (5a—b). 2. Sy?(y-—6) (y + 38). 
3. 402(2a—1) (8% +1). 4. 8m(m* — 3) (m—4). 
B. 1. @?(x—22y) (a2 + 2ay + 4y?), 2. (y—z—a) (y— 
2+). 8. dxy(8a—2) (8y—4). 4. 3p(2p?—5) (p—2). 
GC. 1. y8(6— 4c) (6 + 4c). 2. 7a*b (2b — a) (6 — 2a).. 
3. 2a2b (5a — 3) (2a + 33). 4. 4m(m? + 6) (m—2). 
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Exercise 41. 


A.1l. (w—a) (+b) (w—c). 2 (w—2) (a+3) (w#—5). 
3. ab(a+ b) (a— bd)? & (w+ y+2)(@+ty—z) x 
(w—y +t 2) (w—y-—2). , 


B.1. (y+a) (y—b) (y—c). 2 (w+1) (w—7) (w+4). 
3. 66% (4a + 3b) (a — 2b). 4 2a%b(a + 5D). 


C. 1. (zta) (2 + 6) (@ — ce). & (yt 2) (y—4) (y — 6). 
3. Say(ay — 1) (w*?¥y* + wy +1). & 2(% —z) (1 — az). 


Chap. XI.—GREATEST COMMON MEASURE. 


Exercise 42. 


1. 2. 3. 4. 
A. 17a?27y3., 3a*be?. 7abau?. Du yz. 
B. 13m?n*a*, 7a? y2°. Up-gs". 4a? y2* 
C. l6ry*z°. - 7b* 7d. dab*c. 5a* ba*, 


Exercise 43. 


1. 2. 3. 4. 
A. w+. ab 7b. y(a + y). 3a + 2, 
B. a+ b. wy(a—y). m+ 2n. 3 2y — 3. 
C. a+ 2Qy. 2a — 3b. Y Rd. 4a — 1, 


€xercise 44. 
1. 2. 3. 4. 
A. a+ 3. 2y + 1. ab+c). w#—5. 
‘B. Q4+3. . a*(3a 4+ 2). a— 2b. 2y(y* — 3). 
Cc. 3y—2. a(yt+a) w«— dy. (x—1)(~—6). 
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Exercise 45. —_ 
1. 2. 3. 4. 
A. 3a+9. 4y+12. at+a3—4a%+at1. 3(a—y). 
B. 2y+ 11. 9a—3. y? —2y + 4. By? + 0% .. 


C.4b6+ 7. w+8. a® +a?—a—l. pts. 


Exercise 46. 


1. 2. 3. 4. 
A. a?—8a+2. 67-5. 2y? —7%. a + 7a. 
B. y? —13y+ 5. 3a%+1. y?—y—l. (a*—2atl- 
C. s* —8. 26%2—3. 3x%—ay—2y?. 3y — I. 


Exercise 47. 


1. 2 3 4 


A.-a—1. y? —2y + 5. 3a — 2y. 3u*%— 4. 
B.a—l. a—2. y + 6. 2a — 3. 
C.a—l. WARY ote Ye a + y. a — 3. 


Chap. Xll—LEAST COMMON MULTIPLE. 


Exercise 48. 
1 2. 3 4 


A. 60a°b*c?. 12a>y%. 102m3n?2p?. 1176a%6*c8. 
B. 30a*y?. 12a? 63. 174a? bc?. 156m*n*. 


C. 12a%b*. 12u*y*. 1800263 cd?. 216a* y3 24. 


Exercise 49. 

A.1. 8a(a—2y)?. 2. 120ab(a2—b?). 8. (m+7)(m—6) 
(m—5). 4 (a+ 2) (a+ 3) (5a + 1). 

B. l. 18ab(a? —6*). 2. (w* —1) (w+ 3). 8. (a + 1): 
(a + 2)(2a +1). 4 (2p>—1) (p + 2) (p + 8). 

C. 1. (ay)? (a? +ay-+y?). 2 a8 (a*—y2). 8. (8y+2) 
fy + 2) (y+3). 4. (8b—7) (b + 2) (6— 2). 
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Exercise 50. 

A.1. (a?—3xz + 4) x (2a? —a@ + 2) x (8a? + a— 2). 
2. (3a? + w—1) x (2a* + 2a + 5) x (4a? + 3a— 59). 
3. (a? + 2a—3) x (2a? — 3a — 8) x (2a* —a— )). 
4. (Qe +5) (a? + 3a + 4) x (a? + 2x + 3)(u* + aft 2). 

B.1. (3y* — 2y + 3) (y? +y—1]) x y* —y + J). 
2. (40% —a+ 3) (a? + 2a— 4) x (2a? +a + 6). 

B. By? (Qx+y) (3a—y)(@-+5y). 4 (a*+3)(2a2—a—l) x 
(2a? + a—2) x (3a* —a+t 2). 

C.1. (Qu? + x—4) (x? + 2a — 3) x (a* + 3a — 2). 
2. 6a(3a—2)(8a+5) (a+7). 3+ (y2—3y+ 5) (2y? + y—6) x 
(6y? —2y + 3.) 4 9 (a*—a+1) (8a+2) x (a—l) (a—2). 


Chap. XIlIl—FRACTIONS. 
Exercise 51. 


2y 6bc® a m—3n 


a Seo. ae ah ——Oh8 and m?+3mn+9n?2' 
3+ @ y(a — 4) 
Se eae ees 
3b . 5m cfr es ab m+ 7 
B. jie hac’ an e oases and 4D ° mere Ts 
re 3(a@ + y) 
=r Y 
Qu ez a—1 ; a—2y . 3a*+y?* 
vee 3a” Bay - 357 4 3a4 10°24 at ay 4a—y - 
m+ 5 
= m+4 


Exercise 52. 
A. 1. as. Blog and ei MBL a Ate and = Dara 
a? + 2h? 4 Say + 3y* 
ath ~" w+Qy ~ 
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Im—2 _, Sayt3 9, 5aa-—at — , 1 y*—-Bay 


Bee nD a ae ee 3y 
1—a? + a? u*y? + y4 
oS aia © ree 
oy, POnne ag SOEs 0 Sty ye Bt 
4, a 5b 
33a—4, 3 L = 28 = Be? + 43 4 a*— §*—¢* —-2bhe: 
Gey l+2 pe ks tbe 8 


xercise 53. 


92,2 
A. 1 2+ a O08 hate Cy, Eel a 
2a “e+ y 

4. a® —a*a t+ ax? —23 + 2a* 

at @ 


n 6x2 322 
r) e he i —: SS z 3 ARE: * © 
B. 1 hae 9, 2a—3x 55s 3. dSaa—a? + Sais 


4. ae ea 


yt LE 
y? = on ee oe 5) 
C. 1. ov+2y+ 35° 2, 6x CF 3. a— 55 
: l 
uv? — F—=.\_, 
4.% a+ Pi 
Exercise 54. 
hay Aa 25 4 s 56% — 73 3. 9a—4a 
o 40 ee 
P a> + 18a? — 18a + 18 
; 12a? 
B. 1. 18y + 37 . la — 25, g, ub + tac + The 
: 18 42, abe 
6m? +m? —m+3 
4, 3 * 
m 
23a — 65 3ly — 27 7pq + 1Opr + Care 
Cc. 1. Ravage 2. ae. eee 3. ENG TY ; 


lla? + 36a% — 12a 4 10 
4. 6x3 
a 
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Exercise 55. 
2a? +4a +] 2 3u* + 2a? x? + 3a*. 


a a*#—qa—12Q ~“ a* — qt 
91 4 33a + ill 
12u— 24 "" (a +2) (a +3) (w+ 7) 

92 + 21 2(a* + y* | i 43 
B. 1. OT, a, Fe 2. ee - ep 

4 22a — 10 

' @—1@—d) 

4a 3(a* + b?) 10x + 19y 
C. F; | eee ty 2. BEOe Te Cie e 6x + 12y”. 

4 75% + 41 


(2% + 1) (2% + 3) (3a—1) 


Exercise 56. 


2a +7 3a— 7 
Sa Vesey G5) Sy ig a Si ak 4 
16x7y 4 4(8z% — 1) 
(a + 2y) (2 — 2y)?’ * 3(1—4a?)) 
B.1 4amn a+2b 3 a® + y* + 2°—3eyz 
°" 4mt—n* “* 4a7—982) “" LY Zz 
4. b? — 2ah 5-0? 
ah(b* — a?) 
4a+9 at$—2a3h —2a43—ph4 
> a esieriet ¢ eee ee i ee, 
— 2a+ 4) (22+ 5) ee a5—p6 
PS ilhalo sd a 
' 6(a@? —9) 
aaa 57. P yaa j 
2+ %—d4z i 
ry F . 2. ——~——__-—_—___.. 3, _—... 4.0. 
oy w* z (a—3)(~a—4)(a—7) : a—3 
B.1 a+ 2 4m + 52 sg 


(—1)(2u+1) “ (a—4)(@+3)(x+ 5) 
2 
(~® + a?) (u® + y*) 


4 
ee a ee. gio. 
a—b x%—a x& —y 
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Exercise 58. . pie 
eo Wap eas. e 4 
A.1 2 on Se 
ab y— }1- 
B. 1 See | 2. y=eO. a. C. 4. 1 
a te Be gee ees ee Brae. 
y—3 a+ 4 z—a—y p—l 
Exercise 59. 
l 1 la 
_lL a? +3 9, fleas « —s —— 
“are SB ay ae eg eran ee 
Bi y—1 (a — 2b) (a+ 4) at + y4 
" 4y +7 ' (a + 2b) (a + 5) "(mt + y?)? 
CSS 
" 3(a— 2) 
C1 1 (5a+ 2) (2%? +3a—S) 32% 
 m+7 " (Va—4) (Qa*+3xe+5) ~ 4a(a—2a) 
-] 
Sate 
Exercise 6O. 
2. 3. 4. 
ajfa+3) 2%(w+y) 1 a® 
ats “a—y 2: (a —c)(a +c)* 
y+ b* 2% —a-+ 1 wy 
y2(y +3) 6? +.2? 2a—1 aty 
Cc. Hae Ue hh iz 
b bey 1—a$ 


Chap. XIV.—-GENERAL TESTS. 
Exercise 61. i 


A.l wty. 2 5a+ 36—5c+ 8d. 3. 3(8a + 48). 4 5° 
5. (i) b¢—4b? +106*—12649. (ii) a®°—15a* +. 75a*—125. 
? + 2 
é. ee 
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B.1. $a? — 343+ %c*. 2. 1. 8. (i) a— 2b. (ii) 4a*—ab 
332, 4.0—80 Beye Gta ee ae 
¥6 Prey at a? (w—a)*(a* + awa") 
Cad. 0. 2. 1Za+2b+32c. 3 ° Fa So 4a* +7708 a 43 q2 


— 334427. 4. wate 5. (p+ 1) (p—1) (tp + 2) 


oe) gq. te 
(7p — 2) aoe 


Exercise 62. 

Al. 52a— 48. 2.14. 8. ay? —ca + cy. 4. —— 
5. x—2Z. 6. 0. 

B.1. 1. 2. y*?+(a--2c)yta?+3c?. 3. 21. 4. (i) tu* 
+ gy? tree" + gay — gue — gy. (ii) gaS+7a*b + Zab? 

iss Fie ; ew? + y? 2 

+ gyb*. 5. 4a2b*. 6. Ls aoe ): 

C. 1. —698a+ 3585+ 357c. 2. 884. 3. a(a? +53 )(Ba—S) 
4. 2(a*+4*) (a? +y?). 5.0. 6 19a?+37ab+ 190%. 


Exercise 63. 
A. 1. 642, 2. — 3x2y— d5y*. 38. (i) (10y— 1) (y+8). 
(ii) (a — 19b) (a + 17b). 4. (2p + 3) (4p + 5) (8p — 5) x 
2a 
BO) Be ge. Ae 
(p + 2) (p—2) ray: 
B. 1. —— 2. (i) (w+ y) (w+ yt 1). (ii) 3a(a + Q) 


2a? 5m? — 4m — 8 
ee te 5. 4a4 — » 
4) 8a? — b 3m? + 4an + 24 s ib 


l 
eg PO A, FS: pa Samal ies a ee 
3a* +] 
©. 1. , a y— 6b. 8. abla—d). . 
1152 y — ob ab(a 4a(a? + 1) 


5. | — +. 6 (i) 9a* — 12a — 26a" +2004 25. (ii) ta* 
x Zz 


+ 2a? + 4a + 1. 
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be 


Exercise 64. 

A. 1, 2. (i) (w*+2Qay — y*)x(wty). (41) (2* + Zay 
— y*) X (w—y). 3 (i) #° — 6a°+13a* — 14a? + 10a? — 
mn ee a e , ; 

etl. (i) — + 3-+3-+ 5. 4 GCM. 7a— 26. 
<* x aoe 
L.C.M. (7a — 2b)? x (7a+2b) (3a — 2b) x (8a+2b). 5. 1. 
6. A(w® + 1) (w— 1)? + (a? — 2a— UDO eee & keer 

B. 1. 2. (i) (2a— 1) (w+3) Bat 7). G) @t b) 

(a* —2ab+b*). 3 (i) gx* + 2* + 3y% + 4+ 4. (ii) 8a% 


Pe 2 Se 
+ 6a7b + 2052 + 7b°. 4 ne 5. a? + @ + 2. 
6. 2a + y + z). | 

C. 1 123, 2. p?—IQp—l. 3. a 


(Qu+ 5y)(2u+ 7y)(a+ 6y) 

y(% — y)(a* + Zay + 2y*) 
a pe ere 

4. (i) 9 (F +5 )—24( sta) (ii) 4a? (ha — b) +46" x 

(2a —18), 5. (i) Qa—b) (@a—b)x(atb). (ii) (w+ y¥—D) 

y 


42 Bis og Rn i ; 
(a? + y ay taut y ) ta 


Exercise 65. 
A. 1. 22. 2 178. 8 a2?—1l. 4 5a* + $$ab — 207. 


5. ly? +y— 2. 6. (@a—1) (at 1) (2a + 1), and (x — 1) 
(2a — 1) (8a 4+ 1). 

B.1. 4. 217. 3 0. 4 824— 2a? — l4e2— 9. 
5, 1y3 —Se% + oat 3, 6 (2y—3) Gi tyt 1), and. 
(b— 1) (6 + 3) @— 2). 

C.1.2), 24. 3.0. 4 a? + tay — S8y? — $y — ¢. 
5. 1 + 4a — 10x*%, 6. (3a — 1) (8x — 2), and (a — 1) (a+ 2) 
(a? — 2a + 4). 


Exercise 66. 
Ag Bale 9 ee 
9a? — 16 a+ i z m 7a + oy | 
1 a alt en he | 
ae SE 9a? + 3a* t+a—l 


1) 


5. 


ee ee 
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Baie ee a4 oo = eee es 
2(a —- 3) Beg: 


eg ay 
ake ga a+3° “ 


2 
ae 1. pane 2. Byte. 3. —_—————— ae 
m2 —2mn-+ 4n 5 ty 
Pubes Novag ale lS eas. 
(a? + 1) (a? + 1) 2(a? + b*) 


ee 


Exercise 67. 


3 3 
A.1 a 2 fy 


(a? + 62) (w? + 6%) (a +a) " a(y? — 23)’ 

B. 2ya2—b2. 4. (w—y) (y—z) (2 —2). 5. —. 6. — 
Lg, wwtly 
sre: ada — ty 


B.1. (a—’)(a—c) (a? —Zc). 2. ; 


Bee ee 
(a+ 1) (a? + 1) 


C.1. (5.a + b—2.a+y) X (8.4 + 6+ 4a + y). 


68 2 2(a + c) 2 1 
e -——, 3. ————_-,, 4. a 5. see 1+a* ° 6. 21, 
a® 6+°c (x — a) (x — b) at : 


Exercise 68. 
Aad. ane a 1+ 5a + 15a? + 4503. 38. y?(4a — 3y) 


(6a +y). 4 hos b—4) 5. 1203 (@—1) (a+ 1) x (a+2) 


xu? — Y? 
(a — 3). &. ae 
B. 1. 102. 2. 1 —y— 3y* —y? + dyt. 3. 1. 4. 22% — 
Ja—3. 5. 1a2+402— yyy? + gaz? 6 5n?(3— 2a) (5+2). 
C. 1. 4y? — 8y+7. 2. (ax+b) (bu —a). 8. 24aFy?, 4. 1. 
a ba ty 6. 1—z2 
| Dy? ‘a+ 2y l+a 
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Exercise 69. 
A. 1. (ax + db) (a2 + 1). 2. 3u* — 2a + 5. 8. Zay + 


4c 49OB ne. oS 
a 


2 
ay 


a? = b> +c 
abc 
4.1, 5. (Yu? —4a + 3) (a* + 3a—1) and (2x? — 4x43) 


B. 1. y— aay 2. 3. (ax+by) (4a — ay). 
y 


; 2 2a + 4 
Gace ety 
(x-+ 2) (2 — 1) aa eT) 7 
C. 1. 4y? —8y + 7. 2 (aw + b) (be —a). 8. dary. 
A 1°6 a(3a + y) 6 Qa 


"Oy2@+2y) (+2) (2e4 1) 
Exercise 70. | 
A. 1. The 2nd is greater ; difference=65280. 2. (2ax—by) 
(2be — ay). 8. —. 4 1, 6. 0953103, 6. 2 + 22+ Py 


C2 


ad + &c)du? ad + bc)d?%3 
+ a + oa ae 


B. 1. 4, 2. x(w—1) (7 + 103). 3 w—y. 4 I. 


5. a2b?(3a2—2ab-+3b2). 6. zy -S—4 a &—4 
y. UR ase y 
ba , ay 
a 225 gg (88 yee 8 eo 
GL etl) Gao) (s+e) 


Ta—2b: L.C.M.*(7a—2b)* (7a + 2b) (3a — 25) (3a + 2b). 
4. 1, 5. acz? + (ad + bc) w+ bd, acu? + (be — ad) x — bd, 
acu? + (ad — be) x — bd, acu? — (ad+bc) a+bd. 6. — 216. 


THE END. 
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